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Abstract 

Let \ be an (« +1 )-dimensional asymptotically hyperbolic manifold with a conformal infinity 
{M'\ [/r]). The fractional Yamabe problem addresses to solve 

P'^[g^ ,h\{u) - cu'^, u>Q on M 

where c 6 R and P'>'[g'^,h] is the fractional conformal Laplacian whose principal symbol is (-A)^. In 
this paper, we construct a metric on the half space X = which is conformally equivalent to the unit 
ball, for which the solution set of the fractional Yamabe equation is non-compact provided that ii > 24 
for 7 6 (0, 7 *) and n >25 for 76 [ 7 *, 1) where 7 * 6 (0,1) is a certain transition exponent. The value of 
7 * turns out to be approximately 0.940197. 
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1 Introduction 


Given n € N, let , g'*') be an (n + l)-dimensional asymptotically hyperbolic manifold with a con¬ 
formal inhnity {M'\[h]). In ll42]| . Graham and Zworski introduced the fractional conformal Laplacian 
Pj = P^[g''',h] for 7 € (0,n/2) whose principal symbol is given as (-A)^ and which obeys the confor¬ 
mal covariance property: 



n+2y 

= W "“27 


P^[g\h] (w-) 


( 1 . 1 ) 


holds for any positive function w on M. If we denote by QT = /’!(!) the associated fractional scalar curvature 

and further assume that (X, p"'') is a Poincare-Einstein manifold, then Pl and Ol become the conformal 

h h 

Laplacian and the scalar curvature (up to constant multiples) 


pi = 

h 


-4 + 


n - 2 ^ 
4(n - 1)^*’ 


Q\ = 


n - 2 ^ 
4(n - 1)^'" 


respectively, while P? and 2? coincide the Paneitz operator and Branson’s Q-curvature 


(ainRhh + a2«Ric/'i) d + —^QI, 
Q\ = ajuAf^Rh + aAnR\ + a5„|Ric^|^ 


where ai„, • • • ,a 5 „ e R. are constants depending only on n. (Here P;, and Ric|; are the scalar curvature 
and the Ricci curvature tensor of the manifold (M, h), respectively.) Therefore, by recalling the Yamabe 
problem and the g-curvature problem, it is natural to ask whether there is a metric € \}i\ such that the 
corresponding curvature 2^^ is a constant. This problem is referred to as the fractional Yamabe problem 
and explored by Gonzalez-Qing HOll (non-umbilic cases) and Gonzalez-Wang HTTl (umbilic and non-locally 
conformally flat cases) in the case of y € (0,1). Owing to (11.11) . it is equivalent to find a solution of 


for some constant c € R. 


n+2y 

PZ(u) = cu'^, u>0 on M 

h 


(1.2) 


The classical Yamabe problem (y = 1) was completely solved by a series of works, starting from 
Yamabe |[82l . Trudinger |[78]l proved existence of a (least energy) solution for the Yamabe problem under 
the additional assumption that the metric h has non-positive scalar curvature. Aubin [Si obtained a solution 
assuming that n > 6 and that (M, h) is not locally conformally flat. Schoen 11711 completed the remaining 
cases, using the positive mass theorem. See also Lee-Parker |[5^ and Bahri iFTH . On the other hand, 
the variational theory for high Morse index solutions was also actively investigated (see e.g. fT2\ for the 
examples such as 5' x and ll6^ for general manifolds with n >3 and positive scalar curvature). In 
this point of view, it is natural to take into account the full set of the solutions. 

Schoen |[74ll raised the conjecture that the solution set for the classical Yamabe problem is compact in the 
C^-topology, unless the underlying manifold is conformally equivalent to S” with the canonical metric. The 
case of the round sphere S " is exceptional since (11.21) is invariant under the action of the conformal group on 
S”, which is not compact. Then numerous progress on this direction was achieved by several researchers. 
Schoen himself proved compactness of the solution set in the locally conformally flat case |[74l 17^ . Li 
and Zhu proved it in dimension 3 |[59l . Druet in dimensions 4 and 5 |[30l . see also In dimension 

n > 6, the analysis is much more subtle and it is related to the so called Weyl Vanishing conjecture which 
asserts that the Weyl tensor should vanish at an order greater than [^] at a blow-up point. Li and Zhang in 
Il5^l57]| proved the Weyl Vanishing conjecture up to dimension 11, which in combination with the positive 
mass theorem allow them to show compactness of the solution set for Yamabe problem up to dimension 
11. See also Marques Il62l which treated the dimension up to 7. The recent work of Khuri, Marques and 
Schoen lISTI verified the Weyl Vanishing conjecture up to dimension 24 and revealed that the compactness 
of the solution set for the classical Yamabe problem holds when the dimension of the manifold is strictly 
less than 25. Somewhat surprisingly, the compactness conjecture is not valid in dimension n > 25: indeed, 
in this case it is possible to construct a Riemannian manifold (M, \K\) such that the set of constant scalar 
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curvature metrics in the conformal class of h fails to be compact. This is shown by Brendle ifT^ . for n > 52, 
and Brendle-Marques ifTSl . for n > 25. We also refer to ||6l[T2l for construction of non-smooth background 
metrics. 

In 1992, Escobar 02113^ formulated an analogue of the Yamabe problem for manifolds with boundary, 
which is now called the boundary Yamabe problem. This corresponds to the fractional Yamabe problem 
with y = 1/2 as Gonzalez and Qing observed in HOll . The solvability issue was solved in most of the cases: 
in ll32]| solvability is proved in dimension 2, in dimension is 3 or 4 under the assumption that boundary is 
umbilic, in dimension n > 5 if the manifold is locally conformally flat and the boundary is umbilic. We 
refer the reader for developments on this issue to |[ 6 ^ |64l |3l |33l O and reference therein. The problem of 
compactness of the solution set for the ^-fractional Yamabe problem is studied in the conformally flat case 
with umbilic boundary in |[36i . and in the case of dimension 2 in |[37]l . Related results on compactness were 
obtained by Almaraz in Q and by Han-Li Il44ll . Notably, compactness is lost for high dimensions, but this 
time for dimensions n > 24. Indeed, there are examples of metrics on the unit ball with n > 24, for 
which the set of scalar-flat metrics on in the same conformal class with respect to which has 

constant mean curvature, is not compact. This construction is done in 101. Just a remark: In the boundary 
Yamabe problem studied by Almaraz |@1, the author denoted by n the dimension of the upper-half space. 
Since in this paper we assume n to be the dimension of its boundary, the critical dimension in our main 
theorem for y = 1/2 reads to be 24 instead of 25 as in |01. Thus, when y - 5 , compactness of the set of 
solutions to the fractional Yamabe problem is lost at least from n > 24. See also Disconzi-Khuri Il28l . 

Interestingly enough, also for the y = 2 case, it is again from dimension n = 25 that compactness 
for the set of solutions to the 2-fractional Yamabe Problem (namely, the Q-curvature problem) is lost: in 
im, Wei and Zhao showed the existence of a non-compact set of metrics on the sphere S " for which the 
curvature 2? is constant, or equivalently the solution set for Problem (11.21) . with y = 2, is non compact. 
Concerning compactness of solutions to the g-curvature problem, as far as we know, the only available 
results are contained in ll45l 1701154115511 . see also 1461 . 

Given these results, one can expect that the starting dimension for non compactness of the y-fractional 
Yamabe Problem depends on y. 

In this paper, we explore precisely this problem. We are interested in non-compactness property for the 
fractional Yamabe problem provided that y € (0,1) and the background dimension is sufficiently high. We 
show that there is a transition of the critical dimension at some y € ( 0 , 1 ), which takes into account that the 
smaller y tends to be, the stronger the nonlocal effect becomes. Our result in particular bridges the classical 
Yamabe problem and the boundary Yamabe problem. 

Our result is the following 

Theorem 1.1. There exists a number y* ^ 0.940197 such that the following properties hold: 

1. There are a C°° Riemannian metric g'^ and a boundary defining function p on such that 

is an asymptotically hyperbolic manifold with the conformal infinity (R", \li\) where h = They can 

be taken to be independent of the choice ofy. 

2. Fix any y € (0,1) and suppose that n > 24 if y e (0, y*) and n > 25 if y ^ [y*, 1). Then one has a 
sequence of positive solutions {UmlmeN lo the fractional Yamabe equation (11.21) with the Yamabe constant 
c = 1, satisfying HumllL^CR'') 00 as m ^ 00 . 

Recently numerous results on nonlocal conformal operators have been established. This includes ITTUI 
for the higher-order fractional Yamabe problem, |[39l for the fractional singular Yamabe problem, ll50l for 
the fractional Yamabe flow and |[T]|2l]07]08j09l for the fractional Nirenberg problem. Furthermore, Druet 
123, Druet-Hebey ISTTl . Micheletti-Pistoia-Vetois ll 66 l . Esposito-Pistoia-Vetois l34l (for y = 1), Deng- 
Pistoia l27]l . Pistoia-Vaira 168]| (for y = 2) and Choi-Kim 12^ (for y e (0,1)) dealt with compactness issue 
of lower order perturbations of Eq. (11.21) . 

Structure of this paper. In the next section, we will describe the setting of our problem. Whilst our 
program is adopted from ifTTll . ifTSll and HI, we need to recall two more ingredients to handle the nonlocal 
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conformal operators - the singular Yamabe problem (refer to ||71 and ||9l) and the Caffarelli-Silvestre type 
extension result (HSl) for the fractional conformal Laplacian obtained in EOll . To be more precise, we first 
define a Riemannian metric g on the closure of the half space , slightly perturbing the canonical metric 
gc- Then we select a suitable boundary defining function p by imposing the scalar curvature of 
where g"^ = p~^g to be -n{n + 1) and solving the associated singular Yamabe problem (see Appendix lA. 111 . 
Because the precise information of p near the origin will be required, we will also achieve it in Appendix 
IA.2I Now (R^^,g''') becomes an asymptotically hyperbolic manifold, and the fractional conformal Laplacian 
is well defined. Instead of treating it directly, we consider its localization due to Chang-Gonzalez EOl . 

In Section [3j the finite dimensional Lyapunov-Schmidt reduction method is applied to show that our 
desired solution will be attained once we find a critical point of a certain functional 7^ (in (I3.39I) ). At this 
point, it is necessary to understand the global behavior of p and the spectral property of -Ag+ to establish 
the linear theory and to ensure the positivity of solutions. This will be touched in Appendix IA.3I 

An important property is that 7^ can be approximated at main order by a polynomial P (in (14.311) ') as it 
will be shown in Section|4] To do so, we have to calculate a number of integrals regarding the bubbles W^^o- 
in (12.171) . In the local case (y = 1 /2,1 or 2), the formulae of the bubbles are explicit, so it is relatively plain 
to obtain the value of the integrals (refer to |[T3l Proposition 27]). However, in the non-local case, only the 
representation formula is available for the bubbles. In order to get over this difficulty, we further develop the 
approach of Gonzalez-Qing BUI where they utilized the Fourier transform. Finally, Section [5] is devoted to 
search a critical point of P, thereby proving our main theorem. 

Notation. 

- Throughout the paper, we use the Einstein convention. The indices a, b, c and d always run from 1 to «-i-1, 
while i, j, k, k, I, p, q, s and s run from 1 to n. 

- We denote N = n + \. Also, for x = (xi,--- ,xa?) € R^ = {(xi,--- ,xi^) e R'^ : x^? > 0}, we use 

X = (xi, • • • , x„, 0) e 5R+ R” and r = |x| > 0. 

- For any p > 0, we write B^(0,g) to denote the upper-half open ball in R^ centered at the origin whose 

radius is g. Also, B”{0,g) and S”“*(0,p) are the ?i-dimensional ball and the (n - l)-dimensional sphere, 

respectively, whose centers are located at 0 and radii are p. We use 1) for the sake of brevity. 

Furthermore, dSg is the surface measure of the sphere ^"“'(O, p) in R" and dS = dS i. 

- For a Riemannian manifold {X, g), Ag stands for the Laplace-Beltrami operator (of negative spectrum). If 
{X,g) is the standard Euclidean space, we denote A = A^. 

- Xa is the characteristic function of a set A. 

- 4 = max{t, 0) and t_ = max{-t, 0} for any t € R. 

- Eor fixed n e N and y € (0,1) such that n > 2y, the space D^’^(R^; xj^~^^) is defined as the completion of 
the space C“(R^) with respect to the norm 

' for [/ € C(i") (1.3) 

(refer to Remark Eet also 7)^’^(p) be the completion of C" ^B^(0, p) U B"(0,g)j with respect to the 
norm (fO . 

- Eor a function / € L^(R”), the Eourier transform / of / is defined by 

fiO -— f f(x)e~‘^'^dx for^eR”. 

(2;r)«/2 Jr/' ' ^ 


We also use p -\^\. 

- The letters C and C (without subscripts) denote positive numbers that may vary from line to line. 
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2 Setting of the problem 


The following setting is due to Brendle |[T3l and Almaraz ||4j|. Fix W : (R.”)^ 
such that its tensor norm 

n 


FI- 


2 ] {Wikji + Wnjkf 




M. be a multi-linear form 


is positive everywhere and it satisfies all algebraic properties the Weyl tensor has: Wijki = -Wjiu = -Wijit = 
Wkiij (symmetry and anti-symmetry), Wiju + Wiuij + Wujk = 0 (the Bianchi identity) and any contraction of 
W gives 0 (which is equivalent to Wijik = 0 by the symmetric property). Then we set a tensor 


Hij{x) = Hij(x) ^ Wikji^x^ and //^^(v) ^ H^bix) = 0 


(2.1) 


for any x e 1R+, and using this we also define a frace-free symmefric fwo-fensor h in 1R+ which satisfies 


habix) = 


)ie^‘^^f(e-^\x\^)Hab{x) 

0 


for |v| < y, 
for |v| > 1. 


( 2 . 2 ) 


Here 0 < e <sc y < 1 (e.g., y| log e| > 1/100 would suffice), fi = and f{f) = cimt'^ is a polynomial 
of degree d^il <dQ <A and a,,, e R.). Moreover we impose furlher conditions on fhe fensor h fhaf 


2(2dQ+2) 

haN{x) = 0 and ^ |D'"/iafo(v)| < 770 for all v e 1R+ (2.3) 

m=0 

where 770 » e > 0 is a small number fo be defermined in Secfion [3l and fhaf if relies only on fhe firsf n 
variables (so fhaf db}hab - 0 where = dx^) if 0 < < y. By virfue of our consfrucfion, if immediately 

follows fhaf 

N 

x‘‘hab{x) = ^ dahabix) = 0 for any |v| < y. (2.4) 

a=\ 

Now if we define g = exp(/7), fhen is a smoofh Riemannian manifold wifh a boundary. Moreover, 

if is easy fo check fhaf fhe submanifold (W',h) where h = glrR" is fofally geodesic. This is equivalenf fo 
say fhaf fhe second fundamenfal form ntj safisfies 7r,y = dNgijIl = 0. This facf implies in particular fhaf fhe 
mean curvafure H = g'^nijln also vanishes on R.”. 

Furfhermore, since fhe frace of fhe fensor h is zero, we have fhe following expansion of fhe scalar 
curvafure of fhe manifold (]R+,g): For some C = C{n) > 0, 




n n ^ n 1 ^ 

^ 5,y/i,y - ^ di (hijdkhkj) + - ^ dihijdkhkj - - ^ 

j,j=i i,j,k=i Uik=\ i,;4=i 

< c(|/7|2|d 2/7|+ |/7||D/7|2) inC^R^j. (2.5) 
See Ifm Proposifion 26] for fhe defailed explanation. In parficular, a further inspecfion wifh (12.41) shows fhaf 

R-g = -j Yd + 0(}h\^ \D^ + \h\\Dh\^) in C“({|x| < y)). (2.6) 


ij,k=l 


In order fo make fhe space R^ fo be asymptotically hyperbolic wifh conformal infinily (R",[A]), we 
solve fhe singular Yamabe problem. Precisely, we consfrucf a mefric g'*' € [g] in R]^ such fhaf ifs scalar 
curvafure Rg+ is equal fo -71(71 -t 1) and = h for some boundary defining funcfion p of R" = dM.^. 

By fhe resulfs of Aviles-McOwen Q and Andersson-Chrufoiel-Friedrich ||71, if is known fhaf fhis problem 
is solvable for A > 3 and fhe defining funcfion p has fhe form 

P-x^(i+Ax^ + b4)“^ (2.7) 
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near the boundary M.”, where A € C“(R+), B e C“(R+) and B has a polyhomogeneous expansion in the 
XA?-variable near the boundary. 

To obtain the existence of the metric , one can take the following procedure: Let us assume that 

- wN- 2 g for some positive function w in R^ such that wXj^ —> 1 as ^ 0+. If we put u = wx^- and 
g = x'^g, then the problem boils down to the Loewner-Nirenberg problem lIMTl 

- AgM + R-gU + N{N - \)u^- = 0 inR^ and m = 1 on R”. (2.8) 


By employing a stereographic projection, we may assume that the domain of the equation is B^ instead of 

R+. Then it turns out that this equation admits positive upper and lower solutions, which gives the unique 

positive solution u continuous up to the boundary S " (or R” after transforming back - see Appendix lA.ll 

for further discussion on the conformal change). This also guarantees the existence of the defining function 
_^ 

P - U n- 2 Xpj. 

Very recently, Han and Jiang Il43l established optimal asymptotic expansions of solutions to the Dirichlet 
problem for minimal graphs in the hyperbolic space. As it will be discussed in Appendix I A.21 their approach 
also alludes that the formal expansion of the solution u to Eq. (12.81) in the XAr-variable is accurate up to 
0{x^ log xn) order. Because the coefficient of the XA?-order in the expansion of m is a constant multiple of the 

mean curvature H of (R”, h) c |r^, gj and it holds that H = 0 due to our construction of g, it is expected that 
the asymptotic expansion of p contains only even powers of xn- Indeed, we have the following description 
on p up to the 4(r/o + l)-th order of xj^. 


Proposition 2.1. Assume that N >22 (and n>2\) and let x = (x, xm) £ 




1. It holds that C ^x^ < p{x, xn) < Cxn in R^/or some C > 0 independent of the points x e ^ 

2. Denote Hab{x) = f(\x^)Ilab{x) and fix numbers v, 77 > 0 sufficiently small. Then we have 




p{ex) = 


2do+2 


1 C2,n{x)x^N + O (p^ (1 + 4) + 


m=\ 


in C^(B^(0, vje)) where the function C 2 m A defined as 


exN 

(2.9) 


C2mlx) — 


1 


24(V - 1)(V - 2) 


m-\ , 

n- - - 

(2m + 3)(V - 2(m + 1)) 


(dkHijix)) ( 2 . 10 ) 

ij,k=\ 


for all m = 1, • • • , 2(r/o + 2). The value in the bracket is understood as 1 ifm = 1. 

Proof Since m is a bounded function in R^ away from 0 and p = u~t^Xb!, the first assertion is true. The 
proof of (12.91) is postponed to Appendix IA.2I □ 


Our proof for Theorem 11.11 strongly relies not only on the results on the singular Yamabe problem, 
but also on the following local interpretation of the conformal fractional Laplacian found by Chang and 
Gonzalez. 


Proposition 2.2. (' A20I Theorem 5.1], see also / I?D1 Proposition 2.1]) Let y e (0,1), g be a Riemannian 
metric on R^ and h its induced metric on the boundary R”. Also we suppose that the mean curvature on 
R” is 0 and the last component x^ o/R^ serves as the boundary defining function, namely, g = gx^ + dx^ 
for some one parameter family of metrics gxf^ on R”. Then one can construct an asymptotically hyperbolic 
metric g'^ in R^ conformal to g such that Rg+ = —n{n + 1) and a defining function p satisfying p^g’^lrR" = h 
as well as (12.71) and (12.91) . (This is what we explained in the previous paragraphs.) Moreover if U is a 
solution of the following extension problem 

l-divg {p^-^yVU) + E{p)U = 0 in (r^', g) , 

\u = f onW 
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for a given function f in the Sobolev space where E is the error term given by 


E(p) - -Ag p 


l-ly 


l-2y 


+ r 




+ 


1 


4n 


-R-gP 


l-2y 


( 2 . 11 ) 


then 


Png\h]f - lim lim dlU. 


p^0+ 


x^—^0+ 


dXN 


( 2 . 12 ) 


Here Ky = 1?'^ *r('y)/r(l - y) and v designates the unit outer normal vector —dx,^ to the boundary W\ 

Therefore, in order to solve the nonlocal Eq. (11.21) with c = 1, it suffices to find a positive solution of the 
degenerate local problem 

-divg (pi-2^Vf/) + E(p)U = 0 in , 

on W, 


U = u 

dlE - E~y 


(2.13) 


on. 


2y 


2n 


/ 

Jr" 


In 

UT^^dvt forf/e-Ki 


(2.14) 


Besides, by (12.121) . a critical point of the energy functional 

IKU) = '^ f (p^-^^IVUll + E(p)U^)dvg- 

solves (12.131) . Here dvg and dv/^ represent the volume forms of and (R",h) respectively. Because 

det g = det /i = 1 due to our construction, it holds that dvg = dx and = dx. Eq. (13.231) and the Sobolev 

trace inequality D'’^(R^^; L^(R") ensure that P is well-defined in the space TYi defined in (13.81) . 

In the special case g - dx^, g’*’ = dx^lx^ and p = x^, the fractional Paneitz operator reduces 
to the usual fractional Eaplacian (-A)^ and the corresponding result to Proposition 12.21 was established by 
Caffarelli and Silvestre ifTSll . As it is now well-understood through a series of works conducted by many 
mathematicians (see for instance ifT^ [TTl l23l l25l \26[ l40l ITSl 17^ and references therein), this observation 
allows one to apply well-known techniques such as the mountain pass theorem, blow-up analysis, the finite 
dimensional reduction method, the moving plane method, the Moser iteration method and so on, for local, 
but degenerate, equations to analyze the corresponding nonlocal equations. On the other hand, the results of 
Yang |[83]l and Case-Chang |[T9l . which present the extension results for the higher order fractional conformal 
Eaplacians, would allow one to apply similar approaches for the case y € (1, n/2). 


Before finishing this section, we recall the bubbles wa^o- and their y-harmonic extensions 
T > 0 and cr € R", the function wa a- is defined as 


Given 


V""’"(^) “ + |JC 


o-p 


ii-2y 

2 


1 lx — cr 
- ^;ri7vvi,o 

X~ 


A 


for any x € 


for some normalizing constant c„^y whose value is presented below, and WA,a-(x) - A 2 VPip(/l ^(x - 
cr), A~^xj\;) is a unique solution of the degenerate elliptic equation 


div [xlf^^VU) = 0 
Ui-,0)^ WA,a- 


m J 
on 




(2.15) 


Each bubble wa^o- solves the equation 


n+2y 

{-AYu = u'^ 


m. 


(2.16) 


Hence dZWAn- - 


n+2y 

n-2y 


- Wa^ct in 


by Proposition 12.21 Besides, it is possible to describe Wa^o- in terms of the 


Poisson kernel Ky: 


WaA^’ ^n) = (Kyi-, Xn) * Wi,o-)(x) ^ Pn,y 


f 

JR" 


2y 

- ^ - -^WAAOdf. 

{\X - -F |Xiv|2) 2 


(2.17) 
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The values of constants c„^y and y are 


n-2y 
— 2 2 


( T 

{n+2y\ 

\ 

A 

2 


Ir 

FT) 



n—ly 

— 


and pn,y = 


r(i^) 

7r2r(y) 


(2.18) 


The nondegeneracy result of f2M tells us that the set of bounded solutions for the linearized problem to 

(irra 


(-A)^m = 




is spanned by 


and 


^A,a- ■ 


[n — 2y 
dWA,a- dWA,o- 


w ■; M in : 

A,(t 


^A,<t 


d(T\ dx\ 

dyvx,a- (n-2y 


■ = 


dwx. 


dWA, 


dA 


dcTn dx„ 
Wa,<t - X ■ VWi,o- 


where T > 0 and cr = (cri, • • • , cr„). Also, if we let be the y-hai‘monic extension of for m = 0, • • • , n, 
i.e., the solution of (12.151) whose second equality is replaced by U{-,0) = z'"^ on R”, then the following 
decay properties can be checked. 

Lemma 2.3. There exists a constant C = C{n, y) > 0 such that 


\^sWaAx)\ 


n-2y 

CA— 


^n-2y+m + |^ _ Q^jn-ly+m 


and 


\^"dNWAAx)\ < CA 


n-2y 

2 


2y-\ 

A 


{m = 0,1,2) 


1 


(2.19) 


^n+m + 1^ _ 0)|« 


+ 


^n-2y+l+m + |^ _ 0)|"-2>'+l+m 


ijn = 0,1) 


for all (T, o") € (0, oo) x R” and x € R™. Here V™ means the ni-th derivative with respect to the x-variable. 

Proof. In Il22l Lemma A.2] the authors proved the assertion under the assumption that (T, cr) = (1,0) by 
treating Green’s representation formula (13.161) (cf. Lemma |T9] below). The estimate for general (T, cr) is 
achieved by rescaling of the variables. □ 

Lemma 2.4. Fix any y € (0,1), a > 1 and yS > 0. Given to > 0 fixed, we have that 

x‘^ ^^\xfW^ q{x, xAdxdxN < 0 ^""'’^’'’^^’'’“''^^ 


X 


Bfo.tor 


and 


f x‘lj^^\xf\'^W\o{x,xA?'dxdXN<Ct^^ l+2y+a+p 

-'e"(0,/or 

where C = C(n, y, a,/3) is a positive constant relying only on n, y, a and /?. 

Proof Integrating in the polar coordinate and taking advantage of (12.191) , we have 


I x“^^^\xfw\Q{x,xAdxdxisi 


tS"(0,fo)' 

< c 


a'-2y„-i+p 

^ _ 

{(r,jr,v)€K.^: >;2_ r,XN>0} 1 + (r^ + X^Y 


< 


i 

n: 


drdxN (r = |v|) 


t“-2>'(sin 6»)“-25't”-i+/^(cos gy-'^+h 


tdtdO {r - t cos 9, xn - t sin 9) 


f.{n-2y) 




























= c 


J to 


^-n+2'y+Q'+y?^^ _ ^^-n+\+2y+a+p 


In the above formula, that (sin 0)““^^(cos QY~^*Pd6 < oo is guaranteed by the assumption that a -27 > -1 
and yS > 0 . 

The other equation can be derived in similar reasoning. Therefore the conclusion of Lemma l24l follows. 

□ 


For the remaining part of the paper, we write IT^ o - Wg and wgfi = for simplicity. 


3 Reduction process 

Recall the parameter e € (0,1) in the definition of the tensor h (refer to (12.21) ). From now on, for each 
sufficiently small fixed e > 0, we look for a positive solution to (12.131) of the form eT(e) 

where VFe 5 (e),eT(e) is the y-harmonic extension of the bubble We< 5 (f)_er(e) and fT(f) is a remainder term 
which is small in a suitable sense, by choosing the constant 6(e) > 0 and the point T(e) € R” appropriately. 

Let us consider the admissible set := (1 - £ 0 ,1 + eo) x R"(0, eo) where sq € (0,1) is some small 
number. In this section, given any (6, t) € J?l, we shall choose a function for each so that 

eS.er solvcs an auxiliary equation to (12.131) . The selection of the special pairs (e6(e), eT(e)), which 
gives a desired solution of (12.131) for each e > 0, will be performed in the subsequent sections. Throughout 
this section, it is assumed that (d, cr) = (e6, er). 


3.1 Weighted Sobolev inequality and regularity results for degenerate elliptic equations 

In this subsection, we derive Sobolev inequalities for the spaces D'’^(R^; and D^’^(p). After proving 

them, we also examine regularity of solutions to degenerate elliptic equations. 

Lemma 3.1. The followings hold. 

1. Fix any gi,g 2 > 0. Then we have 


Tf 

.Jo Jb”(o,^2) 


l-2y 


\Wdx 


1/2 




/orf/€Di’2(R^;4-"^) 


where C > 0 depends only on N, y, g\ and p 2 - 

2. Given g > 0 fixed, there exist positive constants C and p depending only on N, y and g such that for 
all \ <m < + 77 


X 


BA0,7?) 


x^~^^\U\^’"dx 


l/2m 


< c 


(r ' , u 




(3.1) 


Proof 1. By density, we may assume that U € C“(R^). By the proof of Lemma 3.1 of ll22]| . we obtain 


r r < C [ r \U(x,ty)f'dx+ r r xX^^|Vf7(x, 

Jo Jb"(o,£I2) \Jb"(o,c2) Jo Jb"(o,c2) 


Thus the Sobolev trace inequality D (R") (proved in 11791 ) gives the desired inequality. 

2. Since is an element of the class of Muckenhoupt weights A 2 , ITTTI Lemma 2.2] (cf. |[35l Theorem 
1.2]) implies that (13.11) holds for arbitrary U € C“ ^B^(0,g) U B"(0, p)^ By the standard density argument, 
(EB can be extended to all [/ € 2)^’^(g). □ 

Remark 3.2. Since € LX^(R+), Lemma [3J] (1) shows that the gradient VU is well-defined for 

any U € D*’^(R+; xX"^^)- See |[35l Subsection 2.1]. 
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Consider the equation 


-divg (p‘-2rv[/) = in (<, g). 

dlU = ^ onR" 

1 


(3.2) 


and its related inequalities for given d) € Lj'^^(R^) and ^ € Lj^^(R”). 
Definition 3.3. We say that a function U e D'’^(R^; 

-2r/Y7r? Y7T/\ I J-^y 


1,2,'TniW. -.-1 2 ^^ ^ weak solution of (13.21) if 


fCy ( P*' 

Jr? 


(V17, ^V)g dx-Ky f xj^ ^^^Vdx + f ^vdx for any V e C“(R+) 

Jr^ Jr" 


where V = v on R”. 

1 /2 

Because the norm [/ |^^p^“^>'|V17|gr/.rj is equivalent to || • ll£)i, 2 (Riv.;(.i- 27 ), the space D’’^(R^; is 

suitable to deal with (I3.2I) . Also, we can immediately extend the space C“(R^^) of test functions in Definition 
l3.3l to Cc(R+) n D*’^(R+; by the method of mollifiers. 

The following local regularity result for a weak solution to (13.21) can be proved. 

Lemma 3.4. Suppose that U € L“(R^) is a weak solution of (13.21) . Fix any p > 0. //'O € L“(B^(0, p)) and 
^ € L“(B”(0, p)), then U e C^{B^{0,qI 2)) for some d e (0,1) and 

ll^llc'’(s"(0,e/2)) - ^(|I^IIl2(b"(o,£,)) + II‘^IIl‘”(b')'(o,£i)) ll^llt.‘”(B"(o,c))) • (3-3) 

The constant C > 0 depends only on N, j and p. 

Remark 3.5. We may relax the integrability condition of U, O and ^ to get more general results. However, 
the current setting is sufficient for our purpose, so we do not pursue in this direction. 

Proof of Lemma U^ By applying the standard Moser iteration technique with the John-Nirenberg inequal¬ 
ity for BMOiB^iO, gf dx), we obtain Moser’s Hai'nack inequality: If 17 € L°°(R+) is a nonnegative 
weak solution to (13.21) . then there exists C > 0 depending only on N, y and p such that for any 0 < p' < p/2 


sup 

xeB'f(0,g') 


u<cl inf u + (p')"||3>IIl~(b~( 0e)) + ie'f^aL-mo,g)) 

\xeB^{Q,g') 


Inequality (13.31) is its consequence. For a proof in a similar setting, refer to Proposition 2.6 of HTIl and 
Propositions 3.1, 3.2 of ITTTI . In fact, our case is simpler because we assumed that U € L“(R^) so that we 
do not need to trim it. □ 


In the remaining part of this subsection, we are concerned about the weak maximum principles for 
weighted Neumann problems. 

Lemma 3.6. Suppose that U € D'’^(R+; satisfies the inequality 


[-divg [p^-^T'VU) > 0 in (r^^, g), 


\dlU>0 


on 


weakly. Then U > 0 in 


t,N 


Proof It holds that 

Ky I {VU,VV)gdx > f dlU ■ Vdx > 0 for any nonnegative V e C/°(R+). 

Jr'2 JR" 

Since the space C“(R^) is dense in D'’^(R^; we can insert V = U- € D^’^(R^; in the above 

inequality to get P = 0. Hence 17 > 0 in R+. □ 
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The following generalized maximum principle will be used in Lemma [3. 151 
Lemma 3.7. Suppose that U € n satisfies 

(lU- -divg (pi-2rVL) + E(p)U>0 in , 

\dlU>0 onW 

weakly (in the sense of the adequate modification of Definition \3.3]l . Assume also that there exists a function 
W e D'’2(R^; such that IT € , VIL e 

LW = -divg (pi-2^VIL) + E(p)W > 0 in (r^', g), 

■ W > 0 on (3.5) 

dlW >0 on R”, 

and \U{x)\IW{x) —> 0 uniformly as \x\ — > oo, then U >0 in R^. 

Proof The proof is in the spirit of that of HTl Lemma A.3]. By testing (13.41) with e Cc(R+) n 

D*’^(R^; we observe that the function V := W~^ U satisfies 


r [p-2r 

JM L 


(VL VO>. - 2 <VL, V1T>. + (vw, V {VW~'^<5 


_) + £'(p)LO 


dx > 0 


(3.6) 


for all nonnegative function d) € C“(R+). By density and (13.11) . it is also allowed to take any nonnegative 
O e D'’^(R+; with compact support into (13.61) . 

To the contrary, suppose that inf V{x) < -m < 0. If we define a funcfion Vm = V + m, then (Vm)- > 0 

jreR" 

has a compact support since \V{x)\ 0 uniformly in x as \x\ ^ ex? by the hypothesis. Therefore putting 

^ = (Vm)- in (13.61) and employing (13.51) with the test function W~^V{Vm)-, we obtain 



{VW,V(Vm)-)g W-\V,n)-dx. 


Now, by applying Holder’s inequality and the boundedness of W ^ and VIT on the previous inequality, and 
then utilizing the weighted Sobolev inequality (13.11) . we find fhaf 


I 


supp(V„)_ 


x^^ ^^dx > C > 0 


where supp(L„,)_ is fhe supporf of (Vm)-- However since x\^ € Lj^^(R^) and |supp(Vm)-| —> 0 as ni —> 

- inf V{x), fhe leff-hand side should go fo 0 as well, which is absurd. We have reached a confradiefion, and 

SO V (or L) > 0 in R^. □ 


3.2 Existence and decay estimate for solutions to degenerate elliptic equations 

This parf is devofed fo sfudy exisfence and decay properfy of solutions fo degenerafe elliptic equations. 
Assuming that n > 2y + 4(rio + 1) + 2/3, let us set three weighted norms 


||t/||* ^ sup 

xeM 


/h||j:-(cr,0)|<v/2| ' 


pe^ 2 


^K-2y-{2do+2) + — (CT, 


+ ?7o- 


2±2z 

e 2 I 


\\U\\„ = sup 


\x-{cT,o)r^y 

+A|P-((T,0)l>y/2|- — - 

qoe^ 2 

^x-2y-2do + 1 ^ _ Q-y\K-2y-2ck 

X[\x-{a-p)\<vl2) • I" A||j:-(iT,0)|>y/2| ' 


pe'^- 




n+2y 


■\Uix)\, 
• \U{x)\ 
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and 


= sup 


X{\x-it\<vI2\ 




n+2y 

2 


n+ly 

2 


,-l 


^K-{2do+2) ^ _ 0-yc-(2do-¥2) 


+ %■ 


+ X{\x-a-\>vl2\ ■ 


(rr 




n+2y 


■ |v(^)| 


for any fixed number 

K € |max + 2(do + 1) + - 2y|, nj , (3.7) 

small parameters y, 770 » e > 0, points (6, r) e and functions U = U{x, x^) in M.+ and v = v{x) on M.". 

n -27 j j _0 O »+27 

(Here the dimension assumption implies that /re ^ //“^e'^ ~ v~'^ —> 0 as e —> 0.) Then 

we define the Banach spaces 


•Ki = : ||[/||* < cx,|, - 7/2 - {[/€ L“(<) : ||[/|U < ~) (3.8) 

and 

•Ka - |v e L“(R”) : ||v||*„ < c«} 

where the space “Ki is endowed with the norm || • |Li 2 miv. + II • II*. 

We solve an inhomogeneous degenerate equation with homogeneous weighted Neumann condition and 
obtain an estimate for the solution. 


Lemma 3.8. Let e and 770 be the small positive numbers chosen in (12.21) and (12.31) . For any fixed point 
(6, t) e ^ and a function O e ^( 2 , the equation 

|-divg (p‘-2rvf/) = 4-2^0 777 { rU ) - (3 9. 

[dlU^O 071R” 

has a unique solution Uq € Fii satisfying 


||f/ol|* < C||0||„ 


(3.10) 


Flere the constant C > 0 relies only on n, 7 and k. 

Proof. Step 1 (A priori estimate). Suppose that Uq € D^’^(R+;4 is a solution of (13.9b for a given 
O e 1-12 ■ It holds 


- divg (p*“2rv[/) = -divg^ (4"^^^^) + for any U ^ Hi 


where 


&{U) 


:= (1 - (4“^^Vf/) + (dO _ gd^x^~^^dijU 


m 


4 


(3.11) 


(3.12) 


and gc is the standard metric in R^. Therefore the function U\ € 


) n Dn"^(R" ; Xf. defined to be 


pe 


■ !^+2do+2 


\x - (cr, 0)1 


+ C 12 for |x - (cr, 0)1 < e, 


cr/iioii:jf/i(A) -. 


pe 


^- 2 ± 2 Z 

K 2 



+ C12 


, |x - (cr, 0 ) 1 '^ 


for e < |x - (cr, 0 )| < v/ 2 , 
for |r - (cr, 0)1 > y /2 
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with a large constant Ci i > 0 depending only onn,j and k and 


n+2r 


y \2do+2 


satisfies 


I-divg (pi-2rv (Ui ± Uo)) > 0 in (r^, g), 

\dliU, 


±Uo) = 0 on W. 

See below for the details. Then Lemmawill assert that |f7ol ^ U\, and hence (13.101) will be valid. 
Derivation of (13.131) . If \x - (cr, 0)| < e, then we have the inequality 


(3.13) 


-divg(p‘ > -{n + 2-2y)Cn\\(^\\„x 


\-2y 


n-ly 


lie 


+2dQ 


2 V- • - 11II * ii^^-'-^y 

by (13.111) . (13.121) and Lemma I a 31 Also since \x\ < |i: - (cr, 0)| + |cr| < (1 + eo)A 




^ ^1/ ^^ll‘I’llL»(||x-(o-,0)|<e|) < \\^\\**xlf^'^f2e 2’'+2rfo_ 


In the meantime, we get for e < \x - (cr, 0)| < v/2 that 

-divg (pi-"^Vf/i) > Uk -2y- 2{do + l))(n - ^ + 2 (c/o + l))Cii||(l)||„ 4 -"^p 6 ^-'^|v - (cr, 0 )r'^+ 2 r+ 2 rfo 


^ ^^II®IIl”(|6<|x-(o-,0)|<v/2|) > 




Thus -diVg(pi-2T'Vf/i) > |diVg(pi-2T'Vf/o)| in both cases. Moreover a similar estimate can be performed to 
show that this inequality still holds when \x - (cr, 0)| > v/2. The identity dl(Ui + Uq) - d],U\ = 0 is readily 
checkable from the definition of f/i. 

Step 2 (Existence and Uniqueness). For each ^ e N, we consider the mixed boundary value problem 


-divg (pi- 2 ^V[/) - in <( 0 , €), 

U = Q on5B^'(0,/’)n{xA,>0), 


(3.14) 


dlU = 0 


on B'XO, €) c W\ 


Then (13.11) and the Riesz representation (or the Lax-Milgram) theorem are applied to derive the unique 
solution Uqc € D^'^(i). 

Also, by changing the argument in Step 1 a bit, we can obtain that \Uoi\ < Ui in B^(0, i) for all f € N. 
Therefore 


f 

Jb( 


(0,4 


p^-^^IVUo4dx = 


Jb( 


(0,4 


x^-^^OUofdx < C||(l)||2„ 


which implies the existence of the D^’^(R^; xL ^^)-weak limit Uq. It is easy to check with Lemma [T4l that 


Uo belongs to TYi and satisfies both (13.91 ) and (13.101) . so the proof is finished. □ 

The nexf lemma provides decay property of a solution to the equation with a nonzero weighted Neumann 
boundary condition 

f-divg^ - 0 inR^, 


\dlU = ( 


(3.15) 


on. 


for a given function ^ on ] 


Lemma 3.9. Suppose that a function ^ on R" satisfies ||^||*** := 11(1 + kr)^||L”(R") < “ for any fixed 
K € (2y, n). Then there exists a constant C > 0 depending only on N, y and k such that 


mu(x)\ < 




1 + |x|''- 2 r+'« 


(m - 0 , 1 , 2 ) 
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for the solution U e 'Hi to problem (13.151) and all x e Moreover it holds that 


\d,,u{x)\ < cii^ii:. 


1 


2y-l 'v 

1 + U|''-2r+i ' 1 + 1^1'^ 


+ 


for every x € 


1>N 


Proof We borrow the idea of the proof of |[22l Lemma A.2]. Note that the solution U e Hi can be expressed 
as 

1 

U{x,xn) = 


r(f)r(r) Jr" lU - 


/ 

Jr" 


1 


-mdy 


(3.16) 


(see e.g. |[T 8 l[T^l 2 ^ ). 


Step 1 (Estimate eor U). Without loss of generality, we may assume that |x| > g for some fixed p > 1 large 
enough. For |jc| > x^, by suitably modifying the proof of IISUl Lemma B.2], we find 


r_^_r _ 

Jr« K-^ - y, 1 + lyl'" Jr" \x - yl” 1 


dy C C 

< -^ < 


+ lyl'^ |x|''-2r \x\'<-^y 

If \x\ < xn, fhen we immediafely gef fhaf \x\ < V2xa?. This allows us fo discover 

I _^ 

/||y|< 2 |r|| \{x - y, xn)\"~^'>' 1 + lyr J||y|< 2 |r|| 


(3.17) 


f 

J{lvl 


r". Xvl<2lrli 1 + lyr 


dy ^ Cjl+lxr") ^ C 


n-2y 


W-'^y 


(3.18) 


and 


/ 

Jlli 


1 


dy 


< C 


f 

Jllvl 


1 


dy 


||y|> 2 |r|| \ix - y, X^)|«-2r 1 + lyl'^ “ j||y|> 2 |r|| (| 5)|2 + 15^^ 


N' 


< 


c 


K-2y 


"N 


r“ 1 

I n-2y 

Jo {f + 1 )— 


dt ^ C 


(3.19) 


By combining (I3.16I) - (I3.19I ). we realize fhaf (13.211) is (rue. 

Step 2 (Estimate for V^f7, V?f7 and dx^U). We can handle (he sifuafion \x\ < x^ as in (13.181) and (13.191) . so 
assume |x| > xn. 

Consider (he funcfion VjT/ firsf. By differenfiafing (13.161) in x and applying infegrafion by parts, one 
sees fhaf 


\yxU(x,XN)\<CmL 


+ 


f _r 

Jr" l^-yr^M + lyri J||. 


dy 


+ lyr 

dSy 


{ij-ji=H) k - yl" 1 + lyr 


< 


cii^ii:„ 

|^|^- 2 y+l 


where dSy is (he surface measure on (he sphere |y - x| = y. Also we confirm 


\dx,u{x,XN)\<c\\a'„ 


< cii^ir„ 


X-x|>H) ^ X-r|<H)] \(y, 


Xn 


dy 


^^)|«- 2 r +2 1 ^ _ 3^1/. 


r 2 ^-' /- n- 

% r_^ 

l-^r Jr« l(y, 1)1" 


Xn 


L 


dy 


-2r+2 |;cr2r+2 




2y-l 
^N 


+ 


\xY |x|'^-2r+i 

The estimate of the function V?;/ is similar to that of This establishes the proof. 
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3.3 Linear theory 

The goal of this subsection is to find a function T' e TYi and numbers (cq, • • • , c„) e R”"''* which solve the 
linear problem 




-diw-g + £(p)‘P - xl~^^ 

'F - lA 

>!> = (+ £ 

m=0 


4y 


^A,a- 


m 
on. 

on: 


K,g), 


4y 
n-2r 0 

'’aJ 




= ■ ■ ■ = L 




(3.20) 


for given functions d) € 'J-I 2 and ^ € ‘Hj,- 


Proposition 3.10. Suppose that n > 2y + 4{do + 1) + 2/3. Then, for all sufficiently small parameters 
0 < e V, ?7o satisfying v\ log e\ > 1/100, points {6, t) e Jl and functions d) e ‘K 2 , ^ e Tds, problem (13.201) 
admits a unique solution 'F € Tii and c = (cq, • • • , c„) € R”'*''. Moreover, there exists C > 0 depending only 
on n,y and k such that 

IITIU <C(||d)|U + ||^|U). (3.21) 


Proof The proof of this result is divided into two steps. 

Step 1 (A priori estimate). In this step, we first show (13.211) assuming that 'F e pl\ is a solution of (13.201) . 
For this aim, we argue by contradiction. 

To emphasize that the metric g - exp(h) and the defining function p depend on fhe choice of e (see 
(12.21) '). we will wrife ge = g and Pe = p fhroughouf fhe proof. 

Suppose fhaf fhere exisfs no consfanf C > 0 such fhaf (13.211) holds uniformly for any choice of e > 0 and 
^ € ‘K 3 . Then fhere are sequences of numbers > 0 and C£ = (cor, • • • ,c„/) € R”'*'^, poinfs {6(,T£) € Jl, 
and funcfions 'Ff € TYi, d)^ € ‘K 2 and € ‘K 3 such fhaf fhey satisfy (13.201) wifh g = g^^ and p - for each 
/” € N, as well as 

IIT'dI* - 1, \m\** + ^ 0 , (3.22) 

{di, T() (do, To) e 2R and ^ 0 as f’ ^ cxj. By (12.111) . (14.81) . (14.91 ) and (IA.18I) . we have 


(O [p^ ^^ 4 ^ 0+2 + 1 ;^; _ (cr, for \x - (cr, 0 )| < v/ 2 , 

N (p)( ) + |;c_ (o-^O)!"^) for |a - (cr, 0)1 > y/2. 

Thus from Lemmawe gef a solution T'lf e ‘Ki fo fhe equation 

I-divg, (pJ-^^VT'if) - -EipefPe + in (r^', ge ), 

\dl'4>u = 0 on R" 


(3.23) 


such fhaf 


ll'Fidl* < ci^x^f^EiptWtl^^ + ||d)f||„) < C(77ol|Tdl* + \mU 
where g£ := g^i and p; '■ = p^i- Moreover, by arguing as Sfep 1 in fhe proof of Lemmawe deduce 


IITidl* 


< 


C (pe |log 




\ldQ+2y 


• iiTdi* + \mu 


0 as 


(3.24) 


for p£ '.= eP and 


II inner •“ ^Up 

{x€Ry:p-(o-,0)|<v/2} 


_ ii+2y \ 1 

e'^ ~ I 


,, ”+2y 

pe^ 2 

^K-2y-(2do+2) + - (CT, 0)|'^“^'>'“1^^“''‘^1 p^v'^ 


\U{x)\. 
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Now the function '^ 2 ^ := £ “Hi satisfies 


in 

on 


-divg,(p;-'^V'F2^) = 0 
'^ 2 e = 4 ' 2 e and = 41 u 

dl^2e-(^)wf-^4^2e 

Jmn z^e4'2idx - - w-f^^z^^i^udx, • • • , /^„ w"f^^zp2edx - - w^-^^zpudx 




(^)"-r’v«= 



2l. 


+ i 

m=0 

4y 4y 


on 


(3.25) 


and 


1 - Cr]o < liminf ||‘F 2 f||* < limsup || 4 ' 2 f||* < 1 + Ciyo 

t^oo 


■ ■ 7 “ ■— 7‘ 

^ -Cf • 4, 


'€e6e,£cTe 


. Testing (13.251) with each Z™ Z 


'£tSt,£cTt 


(3.26) 
for 


where w, := w,,z° := ^ 

m - 0, - ■ ■ ,n and T' 2 f, we find wifh Lemma 1231 and fhe assumpfion k> {n + 2y)/2 + 2(do + 1) + 1/3 fhaf 

{Cm)c{ei5{T'^ f (z'l’f dx = Y(c,n)^ f w"f^\’J!^dx 

Jr" tTn Jr" 


= Ky f pJ-"^(V'P2r,VZ“)_d^- r ^fz7dx 

Jr? ^ Jr" 


n + 2y 
n — 2y 


f 


/ 

Jr" 


w^' z74J\ edx - I i^izl^dx + O 


de^e 


2do+l 


xl;^^lv'P2fi^dx 


1 / 2 ) 


= O ||'Pid|*,inner + |log ||^dl*«) + O • ( f VT' 2 d" Jx 

\Jr? 


l/2> 


and 




^|V'F 2 r|V.r < C/C-. 


r p;-"^|VT 2 r|?Jx 


- c 


(^) LL [f' (^) 


" ^ 4y 

(A 2 f Jx - V(c,„)f I z74Jiedx 

^0 dw 


= + o ^ |(Cm)f| 


m=0 


As a resulf, if holds fhaf 


X « 

^x;“"^|V'P 2 /Jx-( 9 (p 26 ;''«^^) and J]\{cm)(\ - o as^^cx,. (3.27) 

? m=0 


The previous esfimafe implies fhaf 

^ 2 { ■- ‘ e"^'l' 2 f(e • +(T) - ^20 weakly in ; xj^/"^) 

up fo a subsequence (which is still denofed as 'P 2 f). Addifionally, by fhe Schauder esfimafes BOl Proposifion 
3.2] or ifltil Lemma 4.5], if can be furfher assumed fhaf 'P 2 ; converges fo a function 'P 20 uniformly over 
compact sets in R.^. With this convergence property, we observe that T 20 satisfies 

-divg^ = 0 in R+, 

'T - on R”, 

' dy = {^^)wf^4^ ^ onR”, 

= ■■■ = L K""^>dx = 0 
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so that 'P 20 - 0 according to flM (see the paragraph after (I2.18I) '). Hence if we choose any e > 0, then 


4y 

n-2y I 


<(l+^.-(2rfo+2)J 


wr^^'F 2 r 


+ C\ — + |log et\ ||'P 2 ^II* - 3 + 3 ''' 3 “^ 


L^CB'-CO.e)) 

for p > 0 and ^ € N large - namely its leftmost side goes to 0 as ^ > 00 . We also have 

ef |log6ff''||'Pidl 




<C(||'Pidl*, inner + < 

Let us introduce a barrier function U 2 defined as 


and 


4y 

,.,n-2r m 


< 


(3.28) 

C . (3.29) 


C 


Wl' ^V 2 ^ 


+ + 


4y 

n—2y 




V - (cr, 0 ) 


*** 

2 


+ (yuref |(c^,)r| 

m=0 

jj ,l-^-(o-,0)| 

+ 03;*-_(24+2) 


• Ul{x) 


+r]Q^ 2 % ''[2 - |v- (cr,0)p + f73;;,(|v- (o-,0)|)] + C 22 

_ n+2y 

|v-(cr,0)r2r-(2<to+2) ^ ^3;^-(2rfo4-2) ^ ^ 

+77oe^“^y“'' [2 - |v - (o-,0)|^ + t/ 3 ;^(| 2 c - (cr,0)|)] + C 22 

„ ”+2y / 1 


?7oe" 


|v - (cr, 0)|'^-2r 


+ [/ 3 ;.(|v-((r, 0 )|) 


if \x - (cr, 0)1 < e, 


if e < |v - (cr, 0)1 < v/2. 


if \x - (cr, 0)1 > v/2 


for constants C 21 > 0 large enough (depending on n, k, y, v and t/q) and C 22 e R- suitably selected so that U 2 


is continuous in R^. Here U^-^ix) - U 2 -^{\x\) € D^’2(R^/; ;ch ^'') is a radial function that solves 


1,2/10^. ^l-2ry 


f-div,44“'"Vf/) = 0 i 
i5]:[/-(i + iviT' 


m J 
on 




Then after some calculations using (13.1 IL (IA.18I) and Lemma lT9l one finds fhaf for all f? € N 

I-divg, {U 2 ± T' 2 r)) > 0 in gt ), 

\dl(lJ 2 + 'V 2 t )>0 onR". 

Consequenfly we see from (13.221) . (13.241) . (I3.27I) - (I3.29I ). Lemmaand Lemma [X^ fhaf 


11 ^ 2 ^ 11 * < C 


w;"^V 2 r 


+ + 


4y 


wr'Vic 


+ 


^ |(cm)r| 


m=0 


0 as ^ ^ 00 . 


However if confradicfs (13.261) . meaning fhaf (13.211) should be correcf. This concludes a priori esfimafe part 
of fhe proof. 

Step 2 (Existence). Sef a subspace of “Ki 


Z-" = <^ 'T e -Ki : 'P = (A on R” and 


r - 

Jr" 


i 2 L 
27 m 


zl^cr^dx = 0 for all m = 0, • • • , n >•. 


(3.30) 


Then expressed in fhe weak form, Eq. (13.201) is reduced fo a problem finding T' € TYi such fhaf 

-2r /V7,T, V7,n j. r T7y.,ym,yj.. _ f ..l-2y.^„j.. , /« + 27 


Ta 

Jr 2 


'<V'P,VE>.c/x + /Cy E{py¥Vdx = K. 


L 




^^OVdx + I 1 r w] if/vdx + I ^vdx 

Jr" 


n — 2y 


I 

Jr" 


(3.31) 

for any E € Z"*" where E = v on R”. See below for more explanation. Moreover fhe above equation can be 
rewritten in fhe operafional form 

(Ky ■ Id - K)^‘ = $ +7 
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where <I>, ^ are defined by the relation 


r + dx = Ky f xl^^<I>Vdx+ r ^vdx 

Jr? ' ^ ’ 's ^Jr^ " jR» 

holding for any V € X'‘~ and /f is a compact operator in X'‘~ given by 


Jr? 


■2y 


(VKm,VVhdx^ 


n + 2y \ f _ ^ 
n — 2y 


r ^ _ r 

w; " ilfvdx 

Jr" JrJ 


Eipyvvdx 


for every V € (One can prove existence of O, ^ and well-definedness and compactness of K by applying 
the truncation argument as in the proof of Lemma ITHl with (13.11) . the Sobolev trace inequality in |[791l and 
(I3.23I) .') In light of (13.211) . the operator Ky -lA - K must be injective in Thus the Fredholm alternative 
guarantees that it is also surjective, from which we deduce the unique solvability of (13.201) . □ 


3.4 Estimate for the error 

Let {&{Wx,cr) + E{p)WA,cr) be the error term where the operator £ is defined in (13.121) . The 

next lemma contains its estimate, especially showing that it is small as an element of 'K 2 . 

Lemma 3.11. Eor fixed v, 770 » e > 0 small and {5, t) e XI, we have 

< C (3.32) 

for C > 0 dependent only on n, y and k. 

Proof. We observe from (13.121) that 

EA.a = {gd _ xJ)dijWA,^ + daU-^2d-^r)f‘’dbWA,^ + dig‘j d jWa,^ - £(p) 

(3.33) 

Hence an application of Lemmas [2.3l and lA31 (13.231) and (IA.18I) yields 


\EaA^)\ ^ ' 


n-ly 

Cpe— 


^n-2r-2do + Q^\n-2y-2do 

n-2y 

Cpoe 2 


for \x - {cr, 0)1 < v/2. 


(3.34) 


. \x - (cr, 0)1” 

For instance, the second term of £' 2 , 0 - in (13.331) can be estimated as 

dau-^-^^-^y^fAbWA,^ < Ci\v,z\ • + \dNz\ • iOnWaA 


for \x - (cr, 0)1 > v/2. 


< Cp^e^ -r \xA') 


|xp 


-I- 


|xpx^^ 


^n-2y+\ A-\x - (CT, 0)|”“2'>'+' c” -I- |x - (CT, 0)|” 


< Cp^e- 


n-2y 


^4do+3 + 1 ^ _ ^ ^4do+2+2y Q)|44+2+2r 


e”-2r+i + |x- (cr,0)|”-2r+i 


c” -I- |x - (cr, 0)1” 


< 




en-2y-2do + |;j- _ Q^\n-2y-2do 

if |x| < y. The norm bound (13.321) is immediately deduced by (13.341) . 


3.5 Solvability of the nonlinear problem 

We now prove that an intermediate problem 
-divg (pi-2^V'P) £'(p)'T 


^ xL o- 




T' - 1/7 


4y 


in (R+.g), 


m=0 

" ^ L Kl" = --- = L <7 0 


on. 


on. 


(3.35) 
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to our main Eq. (12.131) . or (11.21) . is solvable by using the contraction mapping argument. Here 


itZZ fLtZZ /j7 + 2v\ 

NaA^) ■= Aa,<t + ^7^" - ^ 

Proposition 3.12. For v,riQ '» e > 0 small enough, n > 2y + 4{do + 1) + 2/3 and (b, t) € JifixA there 
exists a unique solution o- € TYi and CA,cr = ((co)i,o-^ • • • > (Cn)i,o-) £ to Eq. (13.351) such that 

< C (3.37) 


where C > 0 depends only on n, y and k. 

Proof. According to Pronosition B.lOi one can define an operator Tx^a- '■ ^ 2 X ^3 to be 7^ ^-(0 ,0 = 

where 'F e Ai solves Eq. (13.201) for given pairs (A, cr) € (0, 00 ) x R” and (O, € ‘K 2 x 'K 3 . One also has that 

l|7’i,o-(‘l’, 4^)11* ^ Afidld’ll** + IKi’ll***) for some M[ > 0. In terms of this operator r^ o-> (13.351) is reformulated 
as 

'f = TAAEA,<r, NaAA) =■ AA'y) for ^ 

where iZ'‘~ is the space defined in (13.301) . Eet us set 

s - (‘P € : II'PII* < M 2 ] 

with M 2 > 0 a number to be determined. By using the facts that k > n - 2y, 

if |v - cr| > v/2, 


and 


\NAA>fi) - NaAA)\ < C { 


^A7^7\fhi\ + \A\Mi - A\ 




\lf/l - if2\ 


if \x- cr\< y/ 2 , 
if \x- a\> y /2 


(which follows from the mean value theorem), we easily get that ||A^i,o-((A)ll*** - o(l)ll'I'll* and ||A^,},o-(iAi) - 
fV,i,o-(iA 2 )ll*** ^ o(l)||'Pi - 'P 2 II*. Then, by (13.321) also, we see that there exists a constant M 3 > 0 such that 


lir;,^('P)ii* < Ml (||E,,^||„ + i|fVi,^(«A)ll*«) < Ml (M3 + o(i)ii'P|io < 2M1M3 

for all T' e S and 


l|7^i^('Pi)-7’;^('P2)ll* = l|T2,^(0,fV.i.^(«Al) -fVi,^(<A2))ll* < Mi\\NaA^i)-NaAA)\\*** < 0(1)11^1-^211* 

for any T'l and ^^2 € S. Therefore is a contraction map on the set S with the choice M 2 = 2 M 1 M 3 . 
The result follows from the contraction mapping theorem. □ 

One can also analyze the differentiability of the function with respect to its parameter (d, t). 

Lemma 3.13. Given n > 2y + 4{dQ + 1) + 2/3 and small fixed numbers y, t/o » e > 0, the map (S, r) e 1 —> 
'Pf^fT e 'Ki is of class C^. Furthermore, there exists C > 0 depending only on n, y and k such that 

<Ce-i. (3.38) 

Proof. The proof is similar to that of l| 8 T] Proposition 6.2]. □ 
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3.6 Variational reduction 


Provided that the assumptions of Proposition 13. 12l are fulfilled and in particular a small e > 0 is fixed, lef 
he a localized energy funclional given hy 

jl{6,T) = P{W,5,er + 'i’e5,er) for (d, t) € ^ C (0, c») X R" (3.39) 

where P is fhe functional defined in (I2.14I) . 

Lemma 3.14. The followings are valid provided that t]o,€ > 0 small fixed and n > 2y + 4(r/o + 1) + 2/3. 

1. The functional is continuously differentiable. 

2. If {6(e), T(e)) > 0 is a critical point of Jj^, then (/^)'(lP 6 ( 5 (e), 6 T(e) + 'l' 6 ( 5 (e), 6 T(e)) - 0. 

Proof 1. Since fhe functional P : Pl\ —> R is a C^-map, fhe assertion follows from Lemma [3.13l 
2. Suppose fhaf {6(e), T{e)) = 0. If we write (6, t) = (tq, ti , • • • , t„), fhen 


^47 / 47 \ ^ 

0 - ^Ti„JQ{d{e), T{e)) = ^ Cm I ^eS(lif;r{£)^e6(e),eT(e)^T,n pe5(J),eT(6) *Ae5{6),er(6) I =: ^ CmCmih 

for m = 0, • • • ,n, where 'Pe 5 (e),eT(e) - fiedie^erie) on R". According fo (13.381) . fhe mafrix {Cmm)m,m=o,- ,n is 
diagonal dominanf. Thus cq = • • • = c„ = 0 and so (/^)'(lTe< 5 (e), 6 T( 6 ) + 'Pe 5 (e)^er( 6 )) - 0- Q 

The nexf lemma implies fhaf fhe solufion Wf 5 (e),er(e) + 4'e5(e),er(6) to problem (12.131) (or (11.21) ) has desired 
properties described in Theorem 11.11 Consequenfly, in view of fhe previous lemma, if suffices fo find a 
critical poinf of whose domain PI is finile dimensional. 

Lemma 3.15. The critical point lTe 5 (e),er(e) +'Pf 5 (e),er(e) £ ’bl\ ofP is positive in R^ and ofC^fBfl)forsome 
■& e (0,1). Also, if parameters v, 770 » e > 0 are small enough, then there exists a constant C > 0 depending 
only on n and 7 such that 

||fi^e5(e),eT(e) + 'l^e5(e),6T(e) — Ce ^ . (3.40) 

Proof Step 1 (Positivity of We6{e),€r(e) + 'Pe 5 (e),er(e))- For fhe brevify, we write U = lTe 5 (e),er(£) + 'Fe 5 (e),er(e) 
for a fixed e > 0. Fixing any k' < k which satisfy (13.71) . lef us define W (which should nol be confused wifh 
fhe bubbles W^.a-) by 


W{x) = C 31 


n -27 

pe ~ 


+ 2 t /{)+2 

pe^' 


2 - 

Vly 


\x - (cr, 0)|'^'-2r-(2rfo+2) 

/ n+27 

\x - {(T, 0)|'''-2y 


k - (O', 0)1 

e 

+ C 32 


+ <732 


for \x - (cr, 0)1 < e, 
for e <\x- (cr, 0)| < v/2, 
for \x - (cr, 0)1 > v/2 


where C 31 > 0 large and C 32 e R chosen so fhaf W € C(R^). Then IT is a suifable barrier which makes if 
possible fo apply Lemma 1X71 This leads us fo deduce fhaf U is nonnegafive in R+. 

For fhe momenf, we admif 


4i(-Ag^)> j-r - 


(N - 1)2 


-y 


(3.41) 


where /li(-Ag+) is fhe firsl eigenvalue (or fhe infimum of fhe specfra) of fhe operator -Ag+ acfing on fhe 
space Lf{'K^,g'''). Ifs validify will be proved in fhe end of Appendix IA.31 Then by Lemma 4.5-Theorem 
4.7 and fhe discussion in Section 5 of Chang-Gonzalez Il42ll (or |[T9l Lemma 6.1]), we realize fhaf fhere is 
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a special boundary defining function p* in M.+ such that E{p*) - 0 and U satisfies a 

degenerate elliptic equation of pure divergent form 

l-div((p*)>-^^VC/) = 0 in(E;,s), 

\dlU = U"^y - QZU onR”, 

where QT is the fractional scalar curvature. By the strong maximum principle for uniformly elliptic opera¬ 
tors, it is immediately obtained that t/ > 0 in R^. On the other hand, if there is a point xq € R.” such that 
U { xo ) = 0, then the Hopf lemma HOl Theorem 3.5] for (13.421) implies that 

-—. ..—. n+2y .—. 

0 > dlUixo) = U—r{xo) - QlixoWixo) = 0, 

h 

a contradiction. Therefore the function U , or equivalently, U must be positive in 1R+. 

Step 2 (Regularity property and Estimate oe the lower bound). Because of (13.371) . our solution U is 
essentially bounded in R.+ . Hence it is in C^(R^) for some ^ € (0,1) by Lemma [T4l (l). Moreover we have 

pe ° e ~ + ~v '^j > Ce 

Therefore (13.401) is obtained. □ 


4 Energy expansion 

This section is devoted to compute the localized energy 7^. We initiate it by getting a further estimation of 
the term 'T,i o- = 'TeiS.er- Recall that Hab{x) = f(\x\^)Hab{x) for x = (x, x^) e R+. 


4.1 Refined estimation of the term o- 

Suppose that e > 0 is small and (d, r) = {e~^A,e~^cr) e By applying Proposition 13. 101 with h - 0, one 
can deduce that there exists a solution of 

/t,(T 


-divg. 

(4--'v>p) = - 

i x];^'^pe^d^f (e-2|x|2) 
j’=i 

inR*^ 

'P = iA 

47 

n ‘^■y 

onR” 

dl'^- 


V r- uP^^y v'” 
m=0 

onR" 


(4.1) 


/r" = /r" = • • • = Jr- = O’ 


In fact, (14.11) has a scaling invariance: If we put T' 5 ,r(-^) - ^ '^A,a-i^x) for any fixed eq > 0 

(and po - Eq^^) small, then it solves the equation with e - 1. This implies that (14.11) admits a solution for 
any e > 0 . 

Let us introduce norms 


l|t/||* = sup 

jreR" 


X{\x-{(T,0)\<vll) • 


/iV- 


^/c- 2 -y-( 4 d(o+ 4 ) + \x - (cr, 


+ 70- 


E^-- 


"+2y \ 


-1 


-l-TlP-(<T,0)|>y/2| • 


\x-i(r,0)r^^ 


70E^' 


n-t-2y 


\U{x)\, 


= sup 

a-eR" 


TlP-(cr,0)|<y/2| 


)i+2y 


/iV-- 


^K-2'y-{4do+2) + 


+ 70 - 


t 2 I 
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+X{\x-(<Tfl)\>ym ■ 


|jc-((r,0)r2r+2 


n+ly 


= sup 


X[\x-cr\<vl2) 


n+2y 


//V-- 


{AcIq+A) _{_ |j^ — (t\^ 


+ Vo- 


e^- 


n+ly \“1 


' X[\x-a\>vll) 


\x - O’l'^ 

n+2y 

noe^-— 


\U{x)\, 

■ Iv(x)| 


for U - U{x, xn) in and v = v{x) on R", and set a function ^^, 0 - - Then it can be estimated 

as in the following lemma. 

Lemma 4.1. Suppose that n > 2y + 4(r/o + 1) + 2/3. Then we have 


hF' 


A,(t\\ 


<c, 


hP' 


A,ct\\ 


< c 


and 


||vi/j4 II 


.p-2, < 

W ’ 


'P' 


^,0-||£)l,2(Rj/.d 27 ^ O 


(^^Wo+D) 


for some C > 0 independent ofe>0 and (6, t) e 2K 
Proof. We find easily that 

-diVj(p'-2l-VT;4 = 4--’'£'^ 

= '^A.o- 'Va.ct = il^A,<T 

‘ K<t = + i 


4y 


m=0 

.L = --- = L Kl" = 0 , 


A,(T 


m 


on. 


on. 


y>N 


''A.cr ^A.cr'f'A.o-'^ 


where the nonlinear operator Na.o- is given in (13.361) and 

:= - 1 ) (g'J - S‘j) dijWA,cr + [r' - d'2 + (e-^\xf) Hij] dijW^,^ 

+ + u-^2(^-^y>dig‘jdjWA,^ - x^J-^E(p) (Wa.^ + . 

Computing similarly to the proof of Lemma B.lll we obtain 


(4.2) 


WE'aJL < c. 

Moreover we have 

under the assumption k > n - 2y. Hence, following the argument in Step 1 of the proof of Proposition 13. 101 
we infer that 

IK^IIl ^ c(\\Eij'„ + iiiv.i,^((fr)ii:„) < c. 

The second inequality is now verified. The first inequality is direct consequence of (13.371) . 

In order to derive the third and fourth estimates, one can test and in (14.11) and (14.21) . respec¬ 
tively, and then use their -bounds and (13.71) . The details are omitted. □ 

Lemma 4.2. It holds that 

jy{5, t) = P{We5.er) + t) + O (/T^eP^o+D) (4.3) 

uniformly in the admissible set J{ = {\ - eq, I + ef) X B"(0, £ 0 ) where /[(d, r) is a -function defined by 

j\{5,T)-yf xy^Hij{x)dijW6,fV^srdx. (4.4) 
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Proof. Since {P)'{We6,er + 'I'65,6T)'Pe5,er = 0, we get by Lemma I47T1 (13.231) and (13.371) that 


jl{6,T) = P{W,s,er) 


f P'- 

2 Jr^ 




2\n-2y 


Jr" 


Here on R” and the inequality 


2n 2n 

+ <A6<5,6r)r"’' - Ktjer ' 


2n 


n — 2y 


p .. ^^,,, , (P + 2y)n_-^^ ^ 

('r’e(5,6T + >f£d,£T)+ 4^£6,£T + 2yf 


< 


c|«A, 


65,6T 


2n 

n-2y 


is applied to control the nonlinear term. Besides, by making use of (14.11) . we discover 

Jr? 


- -K^ 




Putting these facts together, we obtain (14.31) . 

On the other hand, by (12.171) . we have that = Ky{-, x^) * d^ws^r, etc. Thus we can employ the 

standard difference quotient argument to verify that the first and second order derivatives of with respect 
to {6, t) are continuous. (Check HTl Propostion 2.13].) The -differentiability of follows from it. □ 

The previous lemma ensures that if there exists a minimizer of the function {6, r) i-> /^(fPe^.er) + • 

Kyj'^id, t )/2 in the set 2R, then 7^ also has a minimizer in 2R provided that e > 0 is sufficiently small. 


4.2 Expansion of the localized energy 

We derive an expansion of the map {6, r) Pi^ee^er)- 

Proposition 4.3. Suppose that n > 2y + 4{do + 1). If we choose p - I in the statement of Proposition |2J] 
then the following estimation holds. 


where 


iHW^s.er) - Y 


.^^^IVWifdx + p^e 


0(^3^4(rfo+l) + (e/v)”-2r) 




n — 2y r 
2n Jrb 


Wj ^^dx 




{x)diWs^rdjWs,rdx 


+ l[{N-2f-{l-2yf] f x^-^^C 2 Wl,dx 


(4.5) 




+ (1 - 2y) 


.tuy-rz, ^ 

^ L 

W=1 


l+2m-2y 


'■N 


+ 1 ^|r- 2l“2|r 


C2m\^Ws,rfdx 
2do+l 


1 \ T ^^0“' 1 ^ 

-j| J ^ + 2)C2{m+\)Wl^dx. 


The functions € C°°(M.”)/or m = 1, • • • , 2do + 2 are defined in (12.101) . 

Proof. We start the proof by calculating P^~^'^\'^^£6,£T\\dvg. From an estimate 

3 


g‘^- 


1 X ^ 

hj ~ ^ij T ^ 


/=! 


< C|/ip in c‘({0 <XN< v}). 


(4.6) 
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Proposition 12.11 and Lemma IT4l and the facts that d^hab = 0 in {0 < < v} and detg = 1, we see that 

P^~^'^f''daWe6,eTdbWe6,eTdv-g 


- r \^^diW,5,erdjW,s,er + {d^W^s^erf] dx + ol(- 

Js^CO.y) J \\V 

-f 


n-2y 


1-27 

% 


1 + (1 - 2y)//2e4(rfo+l)-2m C2,n(e-'x). 

m=\ 

hiihji{x) 


X \'^W,5,er\^ +Y,\-hij{x) + Y, . 

0=1 I 1=1 

= x^;^^\VW,\^dx 

+ (1 - 2y)/|2e4(rfo+i) 


diWeS,,rdjW,s,e 




^\n-2y 


0=1 

.uQ "h 2 ^ 

y f 

;ti M(o, 


JBl(0,v/e) 

2do+2 


}-2y 

N 


1 " 

-hij{€x)dx + - hnhjiiex) 


i=\ 


diWs^rdjWb^rdx 


^*^'”-^yC2,nix)\^Ws,rfdx + + (£ 


n-2y 


Furthermore, the algebraic properties of the tensor W give 


t r 

JBj'(0,y/6) 


% hij{ex)diWs^rdjWs,Tdx = 0\iuv 


,20o+l) 


e\n-2y 
V 


(4.7) 


whose proof is defeiTed to the end of the proof, whereas we immediately obtain from the definition of the 


tensor Hij that 


r x]^ (ipihji) (ex)diWs,TdjWs,rdx 

Jb^(0,v/(;) 

' f xl;^^HiiHj/)(mWb,rdjWb,rdx + oL 


= ^2^40o + l) 


2/O0+1) 


This completes the estimation on the gradient part of the energy P. 

Next, we compute J^^jv E(p)W^g ^^dx. Let 

E(p) = -Ag|p^jp^ + |y2 - 

= (r - [dig‘^djp + g'-’dijp + Onnp] - [g'^dipdjp + [{dNpf - l)] - 

Then putting Proposition 12.11 and (14.61) together leads us to deduce 


(4.8) 


E{p){ex) 


1 


= It - 2 


-2r 


n 2dQ+2 n 2do+2 

i,jd=l w=l w=l 

2do+l 


J2m+l 




+^2^4do+3 2 2(m + l)(2m + 3)C2c 


2m+l 


m=0 


(4.9) 


T - 4 I (f a:a?) 


-1-27 


n 2do+2 

^8(rfo + l) ^ 6ijdiC2mdjC2, 

i.j=\ m=\ 

2^0+1 


m^j\j 


2im+l) 


+^2^4(4+i) ^ 2(2m + 3)C2 („,+i)V- 


f71=0 


+ 0(p • p2^4^o+3-2r^l-2y|^|2 ^ |^|4^o)) 
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in B^{0, vje). Therefore, recalling the definition (12.111) of E{p) and the expansion (12.61) (or (lA. 131) 1 of the 
scalar curvature Rg, we find thaf 


f E(p)W^,^,dvg 

Jr? 

JrI 


^(P) + I K,erdx 


A{N- 1) 


^^2^4(4+l) 


f 

Jb' 


( 0 ,v/e) 


l-2y 

’^N 


r -2 


/'2c/o+2 


2do+l 


2 ] AC2>n4" + 2 ] 2(m + l)( 2 m + 3 )C 2 c 




V w=i 

2do+\ 


m=0 


7 


^I ^ 2(2m + 3)C2 („,+i)4" + ^ C2 


3(A - 2)2 


m=0 




+ 


(9(^3^4(do+l) + (^/y)n-2r)_ 


Here we utilized the fact that |/?g| and are bounded in R+ (refer to (13.231) 1 to compute the 

remainder term. We further note that AC 2 m - (2m + 3)(N - 2{m + l))C 2 (m+i) is satisfied for all m = 
I,-- - ,2Jo + 2by (IZTOl) . 

2n 2n 

Finally, it holds that Wj Jxby scaling invariance and the observation that det^ = 1 . 

Thus collecting all the computations made here, we can conclude the proof. 

Derivation of (14.71) . Unlike the local cases where pointwise relations of the bubbles were used (see |[T^ 
Proposition 13] for y = 1 or lU Proposition 3.2] for y = 1/2), our proof heavily relies on the algebraic 
properties of the tensor Wiju instead. Write t = - ■ ■ , r") € R” and 


do do m 

f (|x + t| 2 ) ^ ^ a,„ (|.r |2 + |r |2 + 2x ■ t)™ = 2 ] 2 j ‘ 

m=0 m=0 t=0 

where a„,, b,nj € R. By the definition of /r,/ in (12.21) . then we have 


V f 


^^hij{ex)diWs,TdjWs^Tdx 


=^-^“2: J 

r~, Jr' 


^\n-2y 
V 


Jb?( 0 ,v/£) 

n f 

x';^^Hij{ex)f(\x\^)diWs,rdjWs,rdx + 
r (/ + T^) (x' + t') f {\X + t|2) x‘xj\x\-HdrWsdrWs)i\x\, XN)dx 


<^o fn 


^ ^ a,nb,n,t f f (|x|2 + ^ 

±:/,r7f Jo Jo ' 


\x\-\drW5drWs){\xlXN) 


m=0 t=0 
X 


Wikji J" x‘x-' {x ■ T)*dS rdrdxN + O I J • | - 


^\n-2y 
V 


(4.10) 


However, since Wujk - 0 and 2]"=i ^ijik = 0 hold, we have the validity of 

Wikjl f x‘xdx^ + T^)(x^ + T^)(x^T^ + ■ ■ ■ + x^t”) dS - 0 (4.11) 

Js"-l(0,l) ' / V / V / 

for any given r € R" and t = 0,1, • • • ,do (where do will be chosen to be do < 4). Plugging (14.111) into (14.101) . 
we obtain (14.71) . □ 


The previous proposition implies that searching a critical point of the function can be reduced to looking 
for that of Jj + ■ Since the tensor Elab in (12.11) satisfies the symmetric condition EIab{x, x^) = Hab{-x, x^) 
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for all (x, xn) e R.+, so does the tensor H. Also, it is a simple task to check that '¥^_^{x, xn) = x^). 

Therefore (J^ + J\){6, r) = (/[ + TpCA -r) for any (d, r) e As an immediate consequence, we have 

0) = 0) = 0 for every d > 0. (4.12) 

OT OTOO 

In the next subsection, we carry out some computations necessary to find a critical point (specifically, a local 
minimizer) of + J^- Actually, with the aid of these computations, we are able to deduce that (Jj + 7^)(d, 0) 
can be expressed with a polynomial P = P{d) (see Subsection I4.4I) . As a result, our problem is translated 
into obtaining a suitable critical point of the polynomial P which we shall take care of in Section [5] It will 
turn out that for sufficiently large dimensions (for instance « > 52 if y = 1 /2), an appropriate choice of a 
linear function / in the definition of the metric g (see (12.21) 1 gives a desirable critical point of the polynomial 
P. However, it is inevitable to introduce a polynomial / of degree do - 4 in the metric g instead so as to 
enable to find a necessary critical point of P in lower dimensions (e.g. 24 < n < 51 for y = 1 /2). Since 
the computation is extremely complicated in the case that do = 4, we will take into account only when the 
dimension n is large enough (so that do = 1) in most part of the paper to clarify the exposition. Changes 
required to consider lower dimensions will be described in Subsection 15.21 


4.3 Preparation for an expansion of 

Let us introduce some functions. 

- Denote the Bessel function of the first kind and the modified Bessel function of the second kind of order y 
by Jy and Ky, respectively. Their definitions and properties can be found in 121. 

- Set ip by the solution of the ordinary differential equation in the variable t > 0: 

+ = 0(0)-1 and0(oo)-O. (4.13) 

In particular, ip{t) = d\PKy{t) for t > 0 where d\ = 2'“^/r(y). 

- Notice that the Fourier transform of wi is a radially symmetric function. We shall denote by vi>i(^) = w\{p) 
with a slight abuse of the notation. 

- Let Aa and Ba be numbers defined to be 

poo poo 

Aq. = I f~^'^(p^{t)dt and Ba - I p~"'^^'^w\{p)p"~^dp 
Jo Jo 

for a e N U {0}. Also, we set functions 

F\,n,y{o:,P) = f f x‘^~^'‘'lxfwf(x,XM)dxdx/^, 

Jo Jr" 

F2,n,y{0!,P) = f f x“~^'^\xf\V\\^{x, XN)dMxN, (4.14) 

Jo Jr" 

F-i,n,y{a,li) = f f x“~^'^\xf\dxffWi\^{x,XN)dxdXN 

Jo Jr" 

for a e 2N + 1 and /? € 2N as far as they are finite. 

The main objective of this subsection is to depict how to express the values of functions in (14.141) in terms 
of numbers Ai and B 2 . Especially, the following lemma will be established as one of the consequences. See 
also Appendix |B]below and |[52l . 


Lemma 4.4. Suppose that Jo - 1 tind n > 2y + 8. Then it holds 


Fi,„,y(l,2) = |s"-'| 


n 

[3{n - 3)2 + 

(i-4r) 

1 

3{n - 

4)(?i - 2y - 4)(?i + 2y 

-4) 


A\B2, 


(4.15) 
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AiB2, (4.16) 




«(« + 2) (l5(« - 3)2(n - 5)2 + 4)) 


15(n - A){n - 6){n — 2y — 4){n + 2y — 4){n — 2y — 6){n + 2y — 6) 

n(n+2){n+4){35(n-3f{n-5f(n-7f+Rlj,,y(\,6)) 


35{n—4){n-6){n—S){n-2y-4){n+2y-4){n—2y—6){n+2'y—6){n—2'Y-S){n-{-2y—H) 


A 1 B 2 . 


Moreover we have 


where 


F2.«.r(3,2) = |5”-‘| 
F2,n,yO,2) = \S"-^\ 


- y2^ 2{n + 2) (5(?i - \){n - 3) + - 4y2^^ 

15(/i - 4){n -2y - 4){n + 2y - 4) ' 

2(1 - y)(2 - y) (5(n - \){n - 2){n - 3) - /?3,„,y(3,2)) 
15(n - 4){n - 2y - 4){n + 2y - 4) 


A 1 S 2 


^i,n,r(1^4) = (1 - 4y2) [\0n^ - SOn + 111 - 12y2], 

/?i,«,y(l,6) = (1 - 4y2) [ 35 ?/ - 700?!^ + 5299«2 - 17990« + 23469 

+80y‘^ - 4y2(21n2 _ 210« + 6 II)], 

/?3,„,y(3,2) = (1 - 2y) [3« - 14 - 2y(« + 2)]. 


(4.17) 


In order to verify the lemma, the following observation of Gonzalez |[38l Lemma 14] and Gonzalez-Qing 
BOl Section 7] is needed. 

Lemma 4.5. For each Xf^ > 0 fixed, let VLi(^, Xf^) be the Fourier transform of Wfx, x^) with respect to the 
variable x e R”. Then we have that 


W\{f, xn) - w\{f)ip{\f\xxi) for all f € Mf and xn > 0, (4.18) 


where <p{f) = d\FKy{t) is the solution to (14.131) . 

Next, we obtain the explicit form of the Fourier transform w\{p) = vvi(^) of the standard bubble wi(x). 
(14.191) is also obtained in lldTl up to the constant multiple. 


Lemma 4.6. Ifn > 4y - 1, then it is true that 

Wi{p) = d 2 P ^Ky{p) for any p>0 where d 2 ^ ^ 

r(=^)" 

As a result, it is a solution of the equation in t > 0; 

f"{t) + - m = 0 

with the asymptotic behavior 


id 2 T{y) 2 ^ 't 27(1 + o(l)) as t ^ 0+, 
1^2 51 + o(l)) as t oo. 


(4.19) 


(4.20) 


Proof Since w is radial, namely, wi(x) = wi(r), so is its Fourier transform and can be expressed in terms of 

the Bessel function : 

2 

1 r°° 

wilf) = wi(p) =—^ I wi{r)J,i^{pr)r'idr forp = |^|>0. 
p— Jo - 

We observe that the integral is the (^^-th order Hankel transform of the function r wi(r), whose 

precise value can be computed under the assumption on the dimension n > 4y - 1 as listed in |[67l . As a 
result, we find from (12.181) that (14.191 ) has the validity. The fact that vvi solves Eq. (14.201) results from a 
direct computation. □ 
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The following lemma can be obtained by modifying the proof of BOl Lemma 7.2]. 


Lemma 4.7, Suppose that (f) = tp or w\ in Lemmas \4.5\ and W^ Set also a = \ - 2y ifcf) = (p, or a - I +2y 
if (p = wi- Then we have 


and 


poo 

I p^’dp 

Jo 


poo 

( fipfp^dp ^{p-a) 

Jo 


p + l\/?7 + 1 


- a 


poo 

( (f>(pfp’’dp 
Jo 


(4.21) 


p-1 


1 + 


?7+l\/77+l 


a 


-1 


17 " 


(pipfp^ ^dp 


(4.22) 


provided that p > I for f - p, and p > 4y + I for f = wi. 


Proof We only take into account the case that tp = w\ since the other case can be covered in the same way. 
If we multiply p’^w'^(p) on the both sides of (14.201) and then integrate the results over (0, oo), we get 


a 




(4.23) 


which is (14.211) . Since it is known that Ky{p) is of order p ^ ' near 0, it holds that p'^w\{pf\p=o - 0 if 


?7 > 47 + 1, which validates the above calculation. 

On the other hand, if we test p^*^w\{p) on (14.201) instead, we then discover that 

Xoo 2 ^00 ^00 

(w\ ip)) p’’dp + (a-p)j w\{p)w 1 {p)p'^~ ^^P^ j ' (pfp’^dp. 

Since an application of integration by parts shows that 

„ 1 \ /^CO 

wiipfp^^^dp. 


(4.24) 


J" w\{p)wi{p)p'^ ^dp ^— 


-ir 


we conclude with (14.231) and (14.241) that (14.221) holds. 

With the previous lemmas, it is now possible to proceed the proof of Lemma l4^ 

Proof of Lemma l?~?] We remark that the basic idea of this proof is motivated from HOl Lemma 7.3]. 


We first deal with F\,n,y By taking the Fourier transform on the variable x and applying (14.181) . one 
derives 

|^| 2 (l+m)w 2 ('v 


/ 

Jr" 


^Wt{x,XN)dx = III • |'^'"Wi(-,V;v)K 2 (r,.) - 


{-^)^WA{■,XN) 


f 

Jr" 


L 2 (R") 


(4.25) 


for each fixed m € N U {0} and xn € (0, 00 ). Assume m = 0 first. By (14.131) and (14.201) . we find 


Af (Wi(l^l)^(I^IVA?)) ^ Wi{p)(p{pXN){l + xjf') + 2w[(p)ip'{pXN)XN 

(n-2y-2\^ 

' wi{p)(p{pxN) + 


P 


n + 2y — 2 
P 


wi(p)ip'(pxN)xN (4.26) 


where A^ stands for the Laplacian with respect to the ^-variable. Moreover the substitution t = px^ enables 
us to get 

X OO poo 

j {wi{p)ip{pxN)f (1 + xl)p"~UxNdp = A 1 B 2 + A 3 B 4 
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and 


r^oo /^oo 

I I X~^'^W\{p)ip{pXN)w[{p)ip'{pXM)p"~^dXNdp 

Jo Jo 


2(1-y)(n-3) 

(n - 4){n - 2y - 4) 


A 1 B 2 , 


which are finite for n > 2y + 4. Therefore, treating the other two terms of the right-hand side of (14.261) in 
this fashion, we deduce from (14.251) and Lemma 14771 that 




-2 2 - - i- 2 v r 

| 2 c| fTj (x, XN)dxdX!\/ - 

Jo Jr^ 




W\(\^\)(f(\^\XN) ■ (-A)^ (wi(\^\)tp(\^\XN))d^dXN 

AIB 2 , 


n 

[3(n - 3f + 

(1-4^) 

1 

\2(n- 

4)(n - 2y - 

4)(n -1- 2y - 4) 


getting (14.151) . Similar technique also can be applied for m - 1 and 2, which gives (14.161) and (14.171) . To 
derive (14.171) for instance, we first observe that 




\xfw^(x, XN)dxdxj^ 


- f 4“""' r (-A)^(wi(|^|M|^k^))-A|(wi(|^|M|^|^;v))J^Jx;v. (4.27) 
Jo Jr" 


Furthermore, one can check that 


(wi(I^IMI^Ix/v)) 


W\(p)(p(pXN) (1 + 6x^ x^) 


-I- 


- 2n(3 + 2y) - 1 - 4 ^2 -r Sy - 1 - y^'j 


+ 


+' 


+ 


2n(3 - 2y) - 1 - 4 ^2 - 3y - 1 - y^'j 


P 


wi(p)(p(pxN)xlj 


wi(p)<p(pxN) 


(1 - 1 - - 1 - 

rP' — lOn -1- 4^5 -1- y^^ 


P^ 


n — 2y — 2 
P 


2w\{p)(p{pXN) + 


3n - 2y - 8 
P 


(1 + y) ~ 2n(3 + 2y) - 1 - 4 ^2 -r 3y - 1 - y^jj 


+ 


+ 


n + 2y -2 
P 


2wi(p)(f'(pxN)xi + 


3 I 3n + 2y - 8 


P 


(-1 -I- y) (n^ - 2n(3 - 2y) - 1 - 4 ^2 - 3y - 1 - y^)) 


2w\{p)(f'{pXN)XN 
2w\ip)ip{pXN)2^j^ 
2w\{p)ip{pxN) 

2wiip)tp'ipXN)XN 
2wi{p)(p'{pXN)XN. 


Putting this into (14.271) and computing term-by-term as before, we can determine (14.171) . 
We next turn to the analysis of F 2 ,n,y and FT,^n,y As in (14.251) . one has 

X n 

|x| 2 (i+™)|V,Wi(x,x;v)Pj^ = y \\(-A)^d;Wi(;XN) 

iFl 


u 


(4.28) 


^,4Vi(l^l, xn) • (-A)‘+'" d^ 
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for any m € N U {0). Therefore it is possible to perform a computation using (14.281) and the relation 


(-A^r 


to show that 


|s"-T'^2.«.r(3,2) 


^oo ^oo 

Jo Jo 


3-27 


2p'^Wi(p,xn)W[(p,xn)+p'‘^^Wi(p,xn)\W['(p,xn) + '—W[(p,xn) 


n - I : 


p 


(1 - y^)2{n + 2) (5(?i - l)(n - 3) + (l - 4y^^^ 
15(n - 4)(n — 2y — 4)(?i + 27 - 4 ) 


A 1 B 2 


{W[ signifies the derivative of ITi in the radial variable p = |.r|). Likewise, one sees that 

r = ||(-A)^5a?1Ti(-,3Ca?) = {-A)^dNWi{-,XN) 

Jr" L^(R") 

Jr" 

Thus by employing (14.291) and 

A^{\^\w\{^)ifi'i\^\xN)) ^{n + 2y)wi{p)(p{pxN)xN + (« + 27 - 2)w\{p)ifi'{px^) 

+ 2y -2 


+ 2pw,(p)(p(pxN)xN + 2y 


P 


dpdxN 


(4.29) 


Wl{p)ip'{pXN) + pWl{p)ip\pXN)[l + 2C^) , 


we can find fhe value of Fi,^n,yO, 2). 
This completes fhe proof. 


4.4 Reduction of + Tj) (> 0) into a polynomial P 

Lemma |4^ allows us fo obfain fhe following proposifion. 

Proposition 4.8. Assume that the degree of the polynomial f in (12.21) is do = \ so that it is written as 
fir) - ao + air where aq ai are arbitrarily chosen and fixed. Also, we denote 

F4,n,yia;,fi) = F2,n,yia!,fi) + T’ 3 ,„,y(«,/?) far (a,fi) e (2N + 1 ) x (2N) 

and set polynomials 

Flit) = WM + 8 )^i(l> 6 )t^ + 2aoaiin + 4)f i(L 4)?^ + alin + 2 )Fi(l, 2)t2l, 

nin + 2)'- J 

P 3 i(f) =-1_ \6a]in + 4)(n + 8)Fi(3,4)J + ^a^afn + 2)(n + 4)Fi(3,2)t^ 

fan + 2 ) L 

+2alfan + 2)Fi (3,0)?^], 

P-iiit) = - [24a?(n + 4)(n + 8)Fi(5,2)t^ + 16aoai(« + 4)Fi(5,0)f^l, 

« L ‘ J 

P33(f) = 48a^(n + 4)(« + 8)Fi(7,0)J 

where Fi = Fi^n.y (refer to (14.141) ). We further define polynomials P 21 , P 22 , P 23 cmd P 24 by substituting each 
F\,n,yict,fi) appearing in P\, P 31 , P 32 and P 33 by FAr^„^yia + 2,(3), respectively. If the polynomial P is given 
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by 


24nin - 1) • P{t) 




+ (i- 2 r )2 n 


m=[ im= 


1 \ {2m + 3){N - 2{m + 1)) 

_m=\ 


Plmit) 


(4.31) 


w=l \~m 


i^i(2m + 3)(lV-2(m+l)) 


(2m + 3)P3,n{t) 


for n> 2y + 8(= 2y + 4{do + 1)), where the value in the bracket in front of P 21 is understood as 1, then it is 
true that 

(j\ + Jl){6,0)^P{5\ (4.32) 

Remark 4.9. Clearly the above result recovers the polynomial found by Almaraz for the case of y = 1/2 
(up to a multiplicative constant). See (4.6) of El. Furthermore, putting y = 1 and qq - = 1 allows us to 

regain the polynomial of Brendle in |[T3l Proposition 19]. 

It is notable that = 0 holds since Yu j^i HijdijWs = 0 in . Furthermore, it is straightforward to 
check 

f [fiiiHji) (x) {diWgdjWs) {x, XN)dx 

= f f /(r^)(^^] (wik/sWjp/g f fx-^x'‘xPx‘^x'dSr\drdxN = 

Jo Jo \ f I \ Js"-HO,r) / 


-0 


by using the contraction and anti-symmetry properties of the tensor IF. Hence J]" and the first term of Jj 
vanishes if r = 0. Besides, it can be easily seen that Ws{x) = IF^dicI, x^) for any x = {x, x^) € owing to 
the representation formula (12.171) of Wg. Therefore, in view of (12.101) and (14.51) . the proof of the proposition 
is reduced to computing 


f 

Jr) 


l+2m-2y 


^ A’”{dkHijf {x)Wg{x,XN)dx 


ij,k=\ 


f^oo poo p ^ 

f f f Z ' 

Jo Jo Js"-‘( 0 ,r),-'^i ^ ^ 


(x)dS, 


l+2m-2y...2 




Wg{r, XM)drdxN 


for m = 0, • • • , 2 Jo + 1 and 


f 

Jr) 


i+2m-2'y 

’^N 


A™-' (dkH^j(x)flVWsl\x,xjv)dx 


iJ4=l 


poo poo P ^ 

- f f f Z ' 

Jo Jo [ Js"-‘(0,r) ^ ' 


(x)dSr 


l+2m-2y 

% 


(\drWsf + \d,,Wsf)drdXN 


for m = 1, • • • , 2Jo + 2 where r = |.r|. The most crucial part is to obtain the value of the integrals over the 


2 

spheres S”“^(0, r). To do so, it is necessary to look at how the terms Y'ijk=i 

Lemma 4.10. For any m = 0, - ■ ■ , 2Jo + T there are radial functions G\^m, G 2 ,m tind G^^m in R” such that 


A'” (dkHij) (x) = G,,n{r) Yj (x) + G 2 ,,n(r) //J(^) + G3,;„(r)|lF|2 (4.33) 

ij,/c=l ij,k=l ij=l 


where r = \x\. 
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Proof. We will use mathematical induction to justify the statement. By the definition of the tensor Hij, we 
know 


2 (X) - f(r^f ^ (X) + [8/(r2)/'(r2) + 4r^f'{r^f] ^ H^ix) (4.34) 

Ui,k=\ Uj,k=\ i,i=l 

SO that (14.331) is valid for m - 0. See the proof of ifTSl Proposition 15] for its detailed derivation. Suppose that 
(14.331) holds for m - m. Then we verify by direct computations utilizing x^dkHij{x) = IHifx), x’dkiHij{x) = 
dkHijix), Zljxi=i(^ktHijix)f ^ |Wp and dkkHij{x) = 0 that 


i,j,k= 1 


+ 


G'Ur) + 

Gldr) + 

G'Ur) + 


n + ?> 
r 

n + 1 
r 

n — \ 


G\J,r)+lG2,in{r) 

n 

ij=i 


{dkHijfix) 

ij,k=l 


G' ,^(r)+2Gi,™(r) |W|2. 


Here G'{r) represents the differentiation of G{r) with respect to the radial variable r. Thus (14.331) holds for 
m = in + 1 as well. The proof is finished. □ 


By fhe previous lemma, fhe desired infegrals will be evaluated once we gel 


Lemma 4.11. It holds that 



+ 2 ) js 




(x)dS 


2 n(n + 2) 


IWp. 


Proof. We deduce if by adapting fhe proof of lfT?l Proposilion 16]. □ 

Combining all resulfs of Ihis subsection, we are able fo complete fhe proof of Proposition 14.81 Aclually fhe 
explicif expression of G\^m, G 2 ,m and is also necessary, buf if can be derived from fhe proof of Lemma 
14.101 Observe fhaf fhe definition of fhe polynomials in (14.301) are mofivafed from fhe value of 




— r y {x)ds, 


for ni = 0, • • • , 3(= 2do + 1). 


We leave fhe defails fo fhe reader. 


4.5 The second derivative of (S, r) at (6, r) = (S, 0) 

Our goal in fhis subsection is fo calculate fhe function 5^.^. (^Jj + /j) (’> 0) for oach fixed i,j- 1, • • • , n. This 
observation will be used in Seclion[5]on finding a local minimizer of Jj + (see (C3) below). 

We sfarf fhis subsecfion by esfablishing varianfs of Lemmas [4.10l and [4.Ill Sef a symmefric fwo-fensor 


Wij ^ + ^kgipXWjkpg + Wkgjp). 

k,p,q=\ 


(4.35) 


Lemma 4.12. For any i,j€ {1, • • • , n] and m - 0, - ■ ■ , 2do + 1, there are radial functions Gi,„„ • 
in K." such that 


,G 


1 l,m 


2 A" [ay («,»„)' 

k,p,q=l 


(x) 
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- Gu,n{r)Sij {dkHpgf (x) + G2,mir)3u + G3,m{r)Sij\W\^ 


k,p,q=l 


P.?=I 


+ G4,,„{r) 2 [xi{HpqdjHpg){x) + Xj{HpgdiHpg){x)] + GsAr) (a;//p,5y//p,)(^) 


p.?=i 

n 


p^‘}=^ 


G()^mif) ^ j {pkHpqdjlfHpq'j {x} + JCy {dk^ipqdiktip^ ('’c)j + Gy „j(r)W;j 


(4.36) 


k,p,q=\ 


+ G8,mir)XiXj ^ {dkHpqf {x) + G9^m{r)XiXj H^^(x) 


k,p,q=\ 


P.9=l 


■Gio,;„(r)^;^y|W |2 + Gii,,„(r) ^ (HpqdijHpq){x) 

p^q='^ 


where r = |;«:|. 

Proof. It is plain to check that (14.361) is correct for ni = 0 by employing (14.341) . Now apply mathematical 
induction on m, referring to the proof of Lemma 14.101 The explicit values of Gy„j, • • • , can be found 
in ||52l. □ 

Lemma 4.13. It is valid that 


XjHUx)dS - 




2n{n + 2){n + 4) 


, 2|5"-i 

\W\%j + ' 


2 |S"-‘| 


n(n + 2 ) 


n{n + 2)(/? + 4) 


{x)dS 


and 


z r 

Js"-' 

p,g=l 

" r 

V I [pkHpi^ 

4 f Xi(^HpqdjHpq^{x)dS = ^ r (diHpqdjHpq^ 

p,^=l ^ p,^=i ^ 

= ;7T2 2 J^^_^^i{dkHpqdjkHpq) 
k,p,q=\ 

n „ 

y =0 

p'yi 






n(n + 2 ) 




/or eac/z /, y € { 1 , • • • , «)■ 

Proof. The first and second identities in the statement are precisely the ones examined in lfT?l Proposition 
16]. We can deduct the other identities by arguing as its proof. □ 

By the previous lemmas, we discover 

Proposition 4.14. Assume that d^ = I and n > 2y + 8 , and define 

Pi;o (0 = 4^2(1, 6 )f 3 + 2 aoaif 2 (l, 4 )f 2 + alF2{l,2)t\, 

Pj./f) ^- 4 -[ 2 a?(„ + 6 )(n + 16)Fi(L4)iy 4aoai(n + 2 )(n + 8 )Fi(L 2 )t 2 

n{n + 2) L 

+2a^n{n + 2)Fi(L0)t|, 

Pi'3i(0 = “ [ 8 o?(n + 6 )(n + 16)Fi(3,2)t^ + 8 aoain(n + 8)Fi(3,0)t^l, 
n'- J 

Pi;32(0 = 16ai(n + 6 )(n + 16)Fi(5,0)i\ 
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Piflit) = 0, 

?2;1(0 - , ^ Wlin + 7)Fi(l,4)f3 + Aa^a.in + 2)F,{l,2)t^\, 
n{n + 2) <- J 

?2;3i(0 = - fl6a?(« + l)FiO,2)t^ + 8/iF,(3,0)f2l, 
n'- J 

?2;32(0 = 16af(2« + 13)Fl(5,0)^^ 

where F\ = Fi^n^^and F 2 = f 2,«,7 g/ve?i /« (I4.14I) . A/ 3 ' 0 , /or eoc/z m = I and 2, we set the polynomials 
Pm- 2 i, Pm-,22 and Pm ;23 by replacing each F\^„^y{a,l3) in Pfh-p, Pm\'i\ and Pm\22 with F^^„,y{cr + 2,/3). If we put 
for m = 1 or 2, 

- 24n{n - 1) • P^{t) 

- -24n{n - \)P,n-o{t) + | ((« - 1)" - (1 - 2yf) P^y{t) 


Ido+l Pm-l 


+ (1 2y) Y\ ^2m + 3)iN - 2{m + 1)) 

m=l im=l 


Pm',2mif) 


-( i i {2m + 3){N - 2{m + 1)) 

—1 un=l 


{2m + 3)Pm-3m{t) 


where the value in the bracket in front ofP^- 2 i regarded as 1, then 

a44 + 4) 


dTidTj 

Proof Step 1. We start the proof by showing that 


((5,0) = Pd5'^)Wij + P2{6'^)5ij\W\^. 


(4.37) 


d^j\ 


= V f 


6^1 M 


^'^dkiWs{x) ■ dr,rj [Hkfx + T)'F^^(.r + t))|^_^ dx 


= 0 . 


Indeed, since and are smooth in x and Ws{x, xn) = Ws{r, x^) where r = |.r|, we have 

n n 

dklWs{x) • dr,r, ^U{X + t)^'^^,{x + t))|^_^ = dkMx) • 5,yF^,(x)'P^oW = 0 ^r 


a: € 




U=\ 


kj=l 


Therefore the assertion is true. 

Step 2. We next treat the derivative of the first term (defined in (I4.5l) f. Because of fhe observation 


T=0 


^ dr,rj [[HpiH^i) {X + t)] xPx‘> = ^ dr,rj T^T^f (U + T\^f WpkhW^n-.X^x'X^x‘i 

l=l 
n 

l=l 
n 

= 2Y,(HiiHji){x) 


T=0 


r=0 


/=! 


which is frue for any fixed x = (x* , • • • , x") and t € R”, we obfain 


^2 jr 
^ •’20 

dTjdTj 


(d,0)- 


I L z +^)i 

l=\ 

_ 

Z (x)\x\~^\yxW6{x, XN)fdx. 

+ 1=1 


{drWsfix, Xn) 


dx 
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Thus, after carrying out computations as in Subsection 14.31 and in particular applying the first identity in the 
proof of |[T5l Proposition 20], we get 


dTidTj 


^OO 

,o)= 


(x)dS, 


'^\^^Ws{x,XN)\^drdxi^ 


2n(n + 2 ) 


Wij{ayF2{l,6) + 2aoaid^F2{l,4) + flo^2(l,2)) 


where f 2 = is set in (14.141) . 

Step 3. For 7 = 1, one can compute the second derivatives dr^rjJ\{d, 0) as in |[T3l Proposition 21]. However, 
since the explicit formula for the bubble Wg is unknown in our case except when 7 = 1 / 2 , we cannot follow 
it and need to devise an alternative approach. 

As a matter of the fact, as we can expect from the previous step, it suffices to calculate the values 


dTidTj 



(dkHpqf {x)dS, 


T=0 





(x)dS, 


for m - 0, ■ ■ ■ , 2do + 1. Therefore we can achieve the result by applying Lemmas |4. 1 l[|4.12l and l4.131 The 
proof is concluded. □ 


5 Search for a critical point of the polynomial P and conclusion of the proof 
of Theorem 11.11 


5.1 A positive local minimizer of the polynomial P 

We now choose appropriate coefficients uq and ai of the polynomial f{t) = ag + ait in (12.21) so that the 
function introduced in (14.41) and (14.51) has a strict local minimum at (1,0), provided that the dimension 

n is sufficiently large. By (14.121) and (14.321) . it suffices to confirm three conditions 

{C\)ds{J\ + Jl){l,0) = 2P'{\) = 0- 
(C2) d66{J\ + Tp(l,0) - 4P"(1) > 0; 

(C3) The matrix {d^Tj {j\ + -fj) (1> 0)^. is positive definite; 

to guarantee that ( 1 , 0 ) is a strict minimizer of + P^. 

As in Subsection 4.1 of Q, we put ai - - f and then denote 


P'(l) = QPo) 


(5.1) 


where P is the polynomial defined in (14.311) . Then Q{t) = b\t b 2 t^ {b 2 < 0) is a quadratic polynomial 
in t e R whose exact definition is described in ll52]| . Let disc(2) = disc( 0 (?i, 7 ) = b\ - 4bQb2 be the 
discriminant of Q, which is a function of n e N and y € (0,1). Then we discover that it is positive for all 
7 € (0,1) whenever n > 52. To check this fact, we observe that disc(2)(n, 7 ) = C{n,y)R{n,y) where 

R{n,y) ^ 33075n‘^ - 3307500«i'^ + 132300 (893 - 372 )?!*^ 

is the 17th order polynomial in n and C(n, 7 ) > 0 for every n > 52 and 7 € (0,1). After expanding R{n, 7 ) in 
terms of n and 7 , we put 7 = 1 ( 0 , respectively) into each term whose coefficient is negative (nonnegative, 
respectively). Then we get R(n) ~ 33075?i^^ - 3307500n^® + 117747000n^^, which is obviously a lower 
bound of R{n,y) for any 7 e (0,1). Since the largest real solution of P is n ^ 52.2022, we conclude that 
R{n) > 0, hence R{n,y) > 0 for each n > 53. Also it can be directly checked that R{52,y) > 0 for all 
7 € (0,1). (The precise expression of R{n, 7 ), C{n, 7 ) and R{n) can be found in ll52ll .l 


Let us set 

-bi - Vdisc(2) 

- ib2 - 

SO that P'(l) = 0. We now claim 


(5.2) 
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Proposition 5.1. Fix y € (0,1) and assume that n > 52. If the coefficients ao and a\ of the polynomial f 
in (lO) are selected by O and a\ = -1, then (1,0) is the strict local minimizer of the localized energy 
J\ + Jl 

Proof. Denote by do the number which we chose for the coefficient ao, namely, the right-hand side of (15.21) . 
By the above discussion and (14.121) . we see that (1,0) is the critical point of + J^- We need to be verify 
that it satisfies conditions (C2) and (C3). 

Step 1. Let us establish (C2) first. Thanks to (14.321) . we have dss{j\ + 72)(1>0) = 4/’"(l)|aQ=aQ. Since 
2(99/50) > 0 for all y € (0,1) and the leading coefficient b 2 of Q is negative, we have Sq > 99/50. On 
the other hand, one can check that P"(l) - P'(l) is an increasing linear function in ao, say Q(ao), whose 
coefficients depend on n and y. As a result, P"(l) = Q{do) > 2(99/50) > 0. 

Step 2. We check (C3). This will be followed by Proposition 14.141 and our assumption |W| > 0 once we 
derive that Pi(l) > 0 and P 2 (l) > 0. If we regard the functions Pi and P 2 as a polynomial in ao, then clearly 
their degrees are at most 2. In fact, further computation shows that they are increasing linear functions in ao 
for any n > 52 and y € (0,1). From this fact, we get P,n(l)lao=5o > A«(l)lao= 99/50 > 0 for m = 1,2. □ 


5.2 The lower dimensions 

For lower dimensional case, we make the reduced energy functional to have a local minimizer by inserting 
a polynomial / of higher degree (do > 2) in the definition of the tensor h in (12.21) . This approach is pursued 
in the local cases by Brendle-Marques lITSl (y = 1), Almaraz lH (y = 1/2) and Wei-Zhao lISH (y = 2). 
Here we will select a quartic polynomial f{t) = 0 ISIl- In 031 . the cubic polynomial 

was chosen. 

By using the computations in Subsections 14.41 and l4.5l again. we extend Propositions 14.81 and 14.141 

Proposition 5.2. Assume that n > Ij + 20 and the degree of the polynomial f is do = 4. Then (14.321) and 
(14.371) hold for some polynomials P of degree 10, and Pi and P 2 of degree 9, respectively. The coefficients 
ofP, Pi and P 2 depends on ao, - ■ ■ , a^,. (The full details can be found in / I52I/ . ) 

Remark 5.3. As in the higher dimensional case, we obtain the polynomial of Almaraz lUl from P when 
y = 1/2. Furthermore, if we take f{s) - t + 5s - s^ + :^s^ and y = 1, then we again attain the function I{s) 
defined in |[T5l Proposifion 18] as a factor of P. 


Now, we sef 


fit) - t" - 


882178 , 

- 1 + 

10000 


146178 , 

-r 

100 


713925 

100 


t + ao 


(5.3) 


leaving ao undefermined for a minufe. Dehning fhe polynomial Q as in (15.11) . we again find fhaf if is a 
quadrafic polynomial. Like above, lef us write Q{t) = bo + bit + b 2 t^. We also deduce 


1. disc(2)(n, y) > 0 for all y e (0,1) whenever 25 < n < 51; 

2. the function y 1 -^ disc(2)(24,y) is positive if y € (0, y*) and negative if y e (y*, 1) where y* - 
0.940197. We chose / so that (0, y*) well approximates the longest interval where the blow-up phe¬ 
nomenon occurs. 


3. y i-> disc(2)(23, y) < 0 for all y e (0,1). As a matter of fact, we could not find any quarfic polynomial 
/ which leads fhe posifive discriminanf of Q for some 0 < y < 1 provided fhaf n = 23. 


If we denofe 

n{y) = min{«o £ N : disc(2)(no> y) > 0 for «o ^ ^ 51} 

and fake ao as in (15.21) . fhe following asserfion is valid. This is an analogue of Proposifion 15 .1 1 for lower 
dimensions. 


Proposition 5.4. Fix y € (0,1) and assume that n{y) < n < 51. If the polynomial f is given by (15.31) with 
(15.21) . then (1,0) is the strict local minimizer of the localized energy /j" -I- J^. 
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Figure 1: The graph of y i-> disc(0(24,y) (0 < y < 1) 

Proof. As in the proof of Proposition l5.ll the assertion is justified if we check that conditions (C2) and (C3) 
are true. Their verification can be done for each n{y) < n < 51. □ 

Remark 5.5. For a sufficiently small y > 0, the best n{y) one can get with a cubic (a quadratic, respectively) 
polynomial / is 25 (29, respectively). Moreover we need n > 2y + 24 when we put a quintic polynomial 
/ into the metric. This is because the polynomial P (see Proposition 14.81) would contain Fi(l,22) and 
^4(3,22) as its coefficients and they are finite only if the dimensional assumption n> 2y + 24 holds. 

5.3 Completion of the proof of Theorem 11.11 

From what we have obtained so far, we can deduce the following existence result. 

Proposition 5.6. Assume that n > 24 if y € {0,y*) or n > 25 if y € [y*, 1) (refer to Subsection 15.21 f or 
the definition of the number y*). If e > Q is a small parameter in (12.21) . g is the metric tensor and p is 
the boundary defining function chosen in Section |2] then Eq. (12.131) possesses a positive solution in 
whose restriction u^ on R." satisfies the fractional Yamabe equation (11.21) with c = \ and ||Me||L“’(R'') ^ 

n—2y 

Ce-—. 

Proof For the existence of a positive solution to (12.131) . it suffices to search a critical point of the functional 
by Lemma 13.141 Lemma 14.21 and Proposition 14.31 ensure that if one finds a local minimizer of + 7^ 
(see (14.41) and (14.51) 1 in fhe admissible sef = (1 - £o> 1 + £o) x B"(0, eq) for some small eq > 0, fhen fhe sef 
musf confain also a local minimum However, we already know ifs validity from Proposifions 15.11 and 
15.41 Thus (12.131) has a positive solufion. The lower L°°(R”)-bound of fhe solufion comes from (13.401) . □ 

We are now ready fo finish our proof of fhe main fheorem. 

Proof of Theorem \Ll\ Define a smoofh fwo-fensor hab in as 

OO 

Kbix) ^ ^ A [4m^\x - Xm\) 2 -("'o + l/6)my Habix - X^)- 

m=mo 

Here;y € C°°(R) is a fruncafion function such fhaf 2 ^(f) = 1 for |t| < 1 and 0 for \t\ > 2, Hab is the tensor in 
(12.11) . Xni = (m“', 0, • • • , 0) € R.+ and 

i l for n > 52 (see Subsection l5.1l) . 

4 for 24 < n < 51 and y € (0,y*],or 25 < « < 51 and y e (y*, 1) (see Subsection 15.21) . 

If we set g - exp (h), then one can construct a metric tensor g"^ and a defining funcfion p on as described 
in fhe proof of Proposifion 12.11 Moreover, (12.91) remains valid because fhe proof requires only fhe local 
sfrucfure of g and fhe vanishing mean curvafure condifion = 0 on R”. Therefore, by choosing mo e N so 
large fhaf (12.31) holds, we can employ Proposifion l5.6l wifh p = 2“'”^^, e = and v = (4m)“^, completing 
our proof of Theorem 11.11 □ 
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A The Loewner-Nirenberg problem 

A.l Existence and uniqueness of the solution 

The existence theorem in Andersson-Chi'usciel-Friedrich Q to the singular Yamabe problem is presented 
in the setting of compact Riemannian manifolds. In this subsection we illustrate how their result can be 
applied to the problem (12.81) defined in the upper half space. 

To this end, we define some nofafions: Lef B1/2 ■ ■ ■ ,0, -1/2), 1/2) be fhe ball of radius 1/2 

centered af (0, • • • , 0, -1/2) € R.^ and ys = (0, • • • ,0, -1). Moreover lef C : R+ —> R1/2 \ {jil be a conformal 
equivalence befween fhe sefs and R1/2 \ and D ifs inverse expressed as 

= + ,0,-1) and D(y) = C(y) 

Uh + (xn + iy 

for V = (x, Xn) € R^ and j € B1/2 \ {3^^}. Nexf if we denote 

TVi/ 2 (v) ^ i - — for X = {x, Xn) e R+ , 

(Ivp + (xn + 1)2) - 

fhen if is fhe sfandard bubble in R+ which is fhe same function as in (12.171) up fo a consfanf multiple 
provided fhaf y = 1/2. Infroduce also pullback mefrics 

gs := £)* inBi/2\{yi) and gs ■='D* {g) inRi/2. 

We can smoofhly extend gs on fhe whole closed ball B1/2 by defining gsiys) - Ssiys), where 6b means 
fhe canonical mefric on fhe ball B1/2, because g is equal fo fhe sfandard mefric g^ oufside of fhe half ball 
{\x\ < 1). Furthermore gsiy) ^ £>* ^ x“^(^i/2W)“^gB(j) for all y = C{x) e B1/2. 

Lemma A.l. Set psiy) = (2)(3'))v('^!/2(2)Cy)))^ fary = C(x) € B1/2 \ {y^} and PB(ys) = 0. Then it is a 
smooth boundary defining function for B\ 12 satisfying \dpB\gs = 1 on dBi/ 2 . 

Proof Clearly pa(y) > 0 in B1/2 and ps/y) = {D{y))N = 0 for y € (9Ri/2 \ (yi). Since fhe decay of 
'lVi/2(v)iv^ is |v|“2 for \x\ large enough, fhe definition pB(ys) = 0 gives fhe smoofh extension of pB to the 
singularity. 

On the other hand, the condition Ir/pBlgg - 1 on dBi /2 implies that the sectional curvature of gB - P^gB 
approaches to -1 at dBi/ 2 , and vice versa. Since g is equal to the standard hyperbolic metric in {|v| > 1), the 
sectional curvature of gB is precisely -1 in the neighborhood of y^. Moreover, we have \dxN\g = 1 on R+, 
which means that the sectional curvature of g{x) goes to -1 as x tends to R", so does the sectional curvature 
of gfify) as y converges to a point in dB [/2 \ {y^j. □ 

In summary, (Bi/2,gB) is a compact manifold, pb is a smooth defining function for ifs boundary (9Bi/2 and 
gB - PB^gB in B\/2- Therefore, according fo 121, there is a unique solution ub € C^“^(Bi/2) n C°°{Bi/ 2 ) of 

4(A-1) N±i 

- ———AggU + Rg^u + N{N-\)u^-2=0 in Bi /2 and u = l on5Bi/2. (A.l) 

Then u(x) - ub{C{x)) (for x e R^) satisfies (12.81) . 

A.2 Expansions for the solution near the boundary 

This subsecfion is devofed fo give accounf of fhe derivation of Proposition 12.11 under fhe assumption fhaf 
N >22. To gel informalion on fhe lower order terms of fhe expansion for p (or equivalenlly, u) in lerms of 
Xn, we will inspecl fhe equalion fhaf z ■= u - 1 satisfies. We remark fhaf our proof is inspired by Han-Jiang 

m. 
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Introduce a linear operator 


4(A^- 1) 
N-2 

and a function g : (-1, oo) —> [0, oo) by 


-Ciz) = [Agz -{N- 2)x],^dNZ - - Rfz for 2 € 


N+2 I + 2 

g{t) := (1 +0~-2 -(l + 


(A.2) 


Then, by employing the relations 

Ag - xj/Ag -{N- 2)xNdN and Rg - -N{N - 1) + Rgxjj (A.3) 

which are valid due to the condition H = 0, one can deduce from (12.81) that z is a solution of Q{z) = 0 where 
Q is the operator 

QCz) = £(z) - N{N - l)x-^^g{z) - R-g. (A.4) 

To approximate the function z near the boundary R", let us set a polynomial Zdo in the XAr-variable, 

2do+2 

Zdo(x,XN) ^ ^ D2m{x)x^N ^do< 4) (A.5) 

m=l 


where smooth functions D 2 m in *■” are determined in the next lemma. We also remind that Ag - Aj^ + 
and Rg{x, xn) = Rfj{x) if xa? > 0 is small enough. Then the main order term of D2m will turn out to be equal 
to A'j^^Rf^ up to a constant factor. 

Lemma A.2. Let R{q\,Q 2 ) = pi) x (O.pz) be a cylinder in R+. Then, for a fixed small number 
P2 £ (0,1), there exist a constant C = C(p2) > 0 (independent of q\) and functions D 2 m £ C°°(R^)/or 
m = 1, • • • , 2Jo + 2 satisfying 

|<3(zjo)W| ^ for all x ^ (x, xn) € R{gi, Q 2 ). 

Proof By putting the polynomial zjq given (IA.5I) into (IA.4I) . we observe that 


Q(Zd,) = (-n(N-\)D2-Rj:) 


2do+i 

z 

m=l L 

4(A - 1) 


4(A- 1) 


N-2 


[Af^D 2 m - (2m + 3)(N - 2{m + l))D2(,„+i)) - D2mRh 

-N(N-l)x-f,^g(zdo) 


N-2 

H^2(2dQ+2) - D2(2dQ+2)Rh I 


X 


2m 

N 


where 

/A±2\ /V+2\ 

g (zd,)=yix% +1^-2 j (2D2D4 +d 3 ) +• • • 

is a power series whose coefficients are sums of products of two or more D2m’s. Expanding Q{zdo) in 
ascending power of xa^ up to the 2(2Jo + 2)-th order yields 


24+1 


+ 


Q(Zdf) — ^ j ^ 2)2m^ A^D2my Rl2{m+l)^ Rf^ - 

m=0 

+ 02do+2 (E>2, • • • , £> 2 ( 24 + 2 ), Af^D2(2do+2), Rf^ X^^ 

where 0^ is a function which can be explicitly written (setting Dq = 0). For example, we have 

4(A - 1) 


2m 

2(24+2) 

% 




go = -l2(N -l)D 2 -Rt and = 


N-2 


(A)iD2 - 5(N - 4)D4) - D2Rf, - N(N - 1)0^. 
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Solving the equations Qq = ■ ■ ■ - @ 24+1 = 0 inductively, we obtain 


D2 = 


Ri 


12{N - 1) 


and D 




2 (m+l) 


(2m + 'i){N - 2{m + 1)) 


+ 


Kn(D2,- 


,D 


2m 




(A.6) 


for m = 1, • • • , 2do + 1, where the remainder R,n is a sum of products of two or more its arguments. By (12.31) 
and (12.51) . ||@ 2 Jo+ 2 IIl”(R") is controlled by the small number tjq. Hence the proof is completed. □ 


As a result of the previous lemma, one gets 

-Ciz - Zdo) = O + N{N - l)x~^i{x){z - Zdo) 


where {{x) = 


gjzjx)) - gjZdoix)) 
z(x) - Zdo(x) 


(A.7) 


Furthermore, given any fixed iji > 0, we may assume that z(x), Zdo(x) > -771 for all x € R{q\,Q 2 ) by 
decreasing p 2 > 0 in the statement of Lemma IA.2I and 770 > 0 in (12.31) if necessary. Therefore we have 
i{x) > -Crji for X € R{q\,Q 2 ), which makes possible to deduce the comparison principle to the operator 


LiiX) = £(X) - N{N - \)Xf^i{x)z defined for 2 e C^(‘??(pi,p 2 ))- (A.8) 


Lemma A.3. Choose a small number 772 > 0 such that |/?g| < 772 in which is possible due to (12.31) and 
(1231) . In addition, let q\ > 0 be any number and Q 2 € (0,1) sufficiently small so that t(x) > -Crji for every 
X € 7?(pi,P2)- If ■L\{z\) > £\{Z2) in the set 'R{g\,Q 2 ) andz\ < Z 2 on its boundary dR{g\,g 2 ), then zi < Z 2 in 

Rigugi)- 


Proof Suppose nof. Then we can choose a poinf xq - {xq,{xq)n) e 'R{g\,g 2 ) satisfying (xo)a? > 0, (2i - 
Z 2 ){xo) > 0, V(2i - 22 )(^o) = 0 and (A^(2i - Z 2 ) + dmifi - Z 2 )){xq) < 0. Thus 


0 > 


> 


4(A - 1) 
N-2 
4(A- 1)A 
N-2 

N{N - 1) 


[A;-(2i - 22 ) + dNN^Zi - 22 )] (.TCo) 


{xo)f + N{N - \){xo)fe{x^) + R},{xo) 


4 


N-2 


- C771 \ (P2) - 772 


(2i - Z 2 ) {xq) 
(2i - Z 2 ) (.Tco) > 0 


provided fhaf g^ € ^0, minjl, A(A - 1) - C 77 i|? 72 ^|^. Accordingly we reach fhe confradicfion. The 

lemma should hold. □ 

Togefher wifh Lemmas lA.21 and Ia31 we are able fo esfimafe fhe difference befween z and ifs approximafion 
zo- 


Lemma A.4. Fix any 773 > 0 and small v > 0. Then it holds that 

|z( 2 c) - Zdo{^)\ < for all x e Riv, v). 


Proof Ifs proof will be carried ouf in fhree steps. 
Step 1. Define 


* / — \ 
z {x,xj^) - Cl 


TT 


TT 




n 


lz:l2 


, 2(2do+3)->j3 

i- '■^2-^N 


wifh C[, C 2 > 0 fo be defermined soon. We claim fhaf fhere is C = C{g 2 ) > 0 such fhaf 


£i{z*) < -Cxf in nisugi) 

where (pi,p 2 ) is the pair for which Lemma lAJl is true. 

Write p* = 2g^^ln for simplicity. Since \hab{x)\ - 0 for \x\ < 1 (see (12.21) 1. we see that 


A/i (sin (t-^/Pi) + cos (r^lg\) lg\) 


(A.9) 


(A. 10) 
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< 2 cos I q\ + O {\hab\ + \Dhab\) |sin + cos [r^lg*^ lg\ j - 

Therefore we have 


£ 1 (sin (r^ lg \) + cos (r^ lg \) lg \) 


4(A^ - 1 ) 
N-2 


■Ng^'^ 


N-2 


cm\ + 


N-2 
A{N- 1) 


m 


(sin(r^/£)*) + cos(r2/^*) ^i) < 0 


(ATI) 


where r - \x\. 

Moreover the polynomial Q'eRi->Q'^-(A/^-l)a-A/^ has N and -1 as its zeros. Hence given that 
N > 22, we compute 


£i (4°) < 


4(A^ - 1) 
N-2 


N-2 


(al -{N- l)ao -N)+ ^7^ ^' Cm 


N{N - 2) 


4“' < -C 4-2 (A. 12) 


'N 


in 'R{g\,g 2 ) where ao = 2{2do + 3) - 773 . 

Consequently (lA.lOl) follows from (lA.llI) and (IA.12I) . 

Step 2. Combining (IA.7I) and (lA.lOl) . we obtain 

£i(z*) - £1 (z - Zdo) < (1 - C4) < 0 in ^gugi) 


for some C, C > 0. Moreover lk-ZrfollL'»(|x€R'^';tiv<£i 2 l) bounded, so we can choose Cj, 0 so large that 
z- Zdo ^ z* on dKigi, ^ 2 )- Thus we infer from the maximum principle in Lemma lATl that z- Zdo ^ holds 
in , p 2 )- By taking ^1 ^ 0 and p 2 = v, we observe that {z - Zdo){x) < for x e 7?(v, v). 

Step 3. Similarly we have (z - Zdo)(x) > -z*(x) for all x € 'R{gi,g 2 )- By letting pi — > 0 again in the square 
Kiv, v), we conclude that (IA.9I) is true. □ 


By elliptic regularity, we also obtain decay estimates for the first and second derivatives of z - Zdo (Cf- 
16011431). 


Lemma A.5. There exists a constant C > 0 such that 

|T>^(z(x) - Zdoix))\ + |t>?(z(x) - Zdo(x))| < 

\dxAz(x) - Zdoix))\ < 

\dxNXN{z{x) - Zdo(x))| < 

for every x € K{v, v). Here Dj- implies the derivative with respect to the x-variable and so forth. 

We are now ready to conclude the proof of Proposition 12.11 However, before initiating the proof, 
it may as well note that the rescaled function Rf){ex) of the main term of D 2 ,„ is comparable to 

in the set {|x| < v/e} where Hifx) - /(|xp)//,y(x). This is because we have by 

(HD) and (Irel that 

/? 7 i( 6 x) - Y, + O (1 + Ixl'’*)) in C“({|x| < y/6}). (A.13) 

ij,k=\ 

Since duHn is a polynomial of degree 2do + 1, we have also that (dkHijf = 0. 

Proof of ProDosition \2.1\ A combination of (IA.5I) and (IA.9I) implies 

2do+2 

z{ex) = Y D 2 m{ex){exMf’^ + O in B^O, v/e). (A. 14) 

m=l 
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Moreover, by virtue of (14.61) . it holds 

= di(k^{e-)djv) = h'\e-)dijV + O {\h{e-)\\D{h{e-))\\Dv\) 

= Av + O (//e 2 Wo+l )|^|2 ^ j ^ |^|2rfoJ |£,2^|J + o (/r2e4{rf«+l)|^|3 ^^ ^ |^|4doJ |^^,| j 

for any v e C“(R”), so we get from (IA.6I) and (IA.13I) that 

,,2Mda+\) « 

D2{ex){exNf - {dkHij(x)) xj, + O (l + |^|^^“) 4) (A. 15) 


and 


€^’^A{D2m{ex)) 


(2m + 3)(N - 2(m + 1)) 

0(|£>2m(e)pe2(™+i)4(-+i)J 


+ 0(fih^^‘^°^^'>\x\^(l + \x\ 


6dQ+2-2m 


)) 


2(m+l) 


^2^4(rfo+l) 


n 


1 


2] A'”(dkHtj(x)) 

ij,k=l 


JJ 2(m+l) 


'■W 


48(A^ - 1) k \ (2m + 3)(N - 2(m + 1)) 

Lm=l J 

+ O + ;,2/^o+6-2,nJ . ^2^4(^oyD + |^|4^o+2-2™J j 

in B^(0, v/e) for each m = 1, • • • , 2do + 1. Subsequently we get from (IA.14I) - (IA.16I) that 


2 4Wn+l) 2a(o+2 ff m-l 


1 


48(A^ - 1) 4lJ i i (2m + 3)(N - 2(m + 1)) 

m=l VLm=i 


2 A"*-' (duHij(x))'^ 


i,},k=\ 


2m 

’^N 




(A. 16) 


(A. 17) 


in B^(0, y/e). Since the magnitude of z(e-) is • |4(^“+h)^ m-th. power of z for m > 2 can 

be ignored. Accordingly (12.91) follows from (IA.17I) and p - (\ + zy^x^. Lemma 1X31 guarantees the 
C^-validity of (12.91 ). establishing the proposition. □ 


A.3 Global behavior of the solution 

Here we investigate the behavior of z = n - 1 in the whole space (N > 3) where u is the solution of 
It is one of the key parts in the proof of Proposition 13.101 

Lemma A.6. Let tjq > 0 be a fixed number in (12.31) . which can be reduced if needed. Then there is a constant 
C > 0 relying only on N such that 


Crjox 


Crioxl’" 


^ ^ ^ and \fff^z(x)\ < ^ ^ ^ for any x eR^ and m = 0,\,2. (A. 18) 


Proof The notations in Appendix lA. 1 1 will be used again in this proof. 

By (12.31) . (12.51) and (IA.3I) . one can pick a number C > 0 (depending only on N) so large that the function 


M 1 + CriQX^yW^i 2 (x) satisfy 


4(A-1)^ 4(A-1)^ 2 

-AjM = —— —LtjoXj^ 


N-2 


N-2 


2 [(A - 3) (l + Ixp) + 6xn + (N- 3)x^) 


(| x |2 + (xn + 1 ) 2 ) 


2^3 


+ 0(\h\) 


>0 


and 


RgU + N(N - 1)m'v-2 - 


A(A- 1 )(m^ - lj + 0 (|D/j| 2 )x; 


u > Criox\'W^i(^(x) ■ u >0 


in R^. This implies that m is a global upper solution to (12.81) . Similarly, one sees that u := l-CT]oxj^'Wy 2 
is a lower solution to (12.81) . Because of the conformal equivalence between R+ and B 1 / 2 , it follows that the 
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functions v := 1 + CT]op^^(y) and v 1 - Crjop^iy) in B [/2 are super- and sub-solutions of (lA.ll) . Therefore 
the standard monotone iteration scheme produces a solution v of (I A. Ill such that v < v < v (adapt the proof 
of Proposition 2.1 in ifTOll l. Since v = mb by the uniqueness, we get Eq. (IA.18I) with m = 0. 

The higher regularity results ( (IA.18I) with m = 1,2) follows from the scaling property of equation 
Q{z) = 0 in (cf. im Proposition 3.1]). □ 

Remark A.7. By applying the maximum principle, it is possible to improve the decay estimate of z. Espe¬ 
cially, we observe that z decays faster as the dimension N gets higher: It holds that 

k(v)| < in e R+ : Ul > l) (A. 19) 

for C > 0 depending only on N. 

Proof. Set z{x) = ||z||(. 2 (RW).^^|.^r" in {|v| > 1) with any fixed a > 4. Since gab = Sab if kl > 1 and gf) > 0 
for any t > -1 (see (IA.2I) for the definition of g), we see 

<3(z) < ^ [Az - (A^ - l)x~fldNZ - Nx~j^z\ 

= ^^^II^IIc 2 (r?)I^I““ - 2) + cr{a - A)xl\x\-^] < 0 = Q{z) 


provided that 4 < or < 2 -i- V3A - 2. Moreover, it holds that z = 0 < z in {\x\ > 1 and x^i - 0) and 
|z(v)| < \\dNNZ\\L‘^({xN<i\)^l,l'^ ^ z{x) in {\x\ ^ 1 and x^ > 0). 

By Eemma lAAl lkll(- 2 (Riv) ^ Ctjq. Besides z{x),z{x) 0 uniformly as \x\ oo, so we can apply the 

argument in the proof of Eemma lAAl to derive that z(v) < z(v) for \x\ > 1. Analogously, z(v) > -z{x) is true 
for |v| > 1, validating (lA. 191) . □ 


Proof of (13.411) . Denote by by the hyperbolic metric in R^, i.e., = Xj^{dx^ + dxff). It is well known 

that 


4i 



inf 

y€C”(R")\ioi 


Jr^ (^h, 

“'"daVdbV^ 

si 

dx 

Jr'^ xj 

'k 

dx 


inf 

V€Q”(R?)\|0| 


f,xfV^dx 


(N - if 

4 


(see iMl). By (12.31) and Eemma IAT^ there are a bounded function z and a two-tensor hab in R+ such that 
\hab \ is uniformly bounded, = 1 -i- rjoz and gab - Sab + Vohab in R+. Hence it follows from the definition 
of that 

Stb = (1 + VOZXSab + mKb) ■= {gflab + X^^TJoh'^i,. 

This implies that a/IFM - + Oirjo)) and (g'^ - for some tensor h” in R+ having the 

bounded norm. We obtain accordingly 


(1 +( 9 ( 770 )) ^ 

Ti (-A„+) - inf -V-^ > (1 - Cm) ■ 4i (-A„+) > — - 

v.cr(R?)\|0, (1 + 0 ( 770 )) 4 


by choosing 770 > 0 small. 


□ 


B The values of integrals F 2 ,n,y and F 3 ,„,y 

The next lemma enumerate some values of integrals F\,n,y, F 2 ,n,y and Fj,,n,y defined in (14.141) which are 
necessary fo calculate fhe function 7^ in (14.51) for fhe case do - 1 ■ It can be derived in a similar manner 
fo Eemma 14.41 However, fhe compulation becomes much more involved, so we carried ouf if by using 
Mafhemalica. More values required fo deal wifh fhe case do = 4 can be found in fhe supplemenf |[52]| . 
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Lemma B.l. Wfe have 


Fi,„,/3,0) = |5 

Fi,„,/3,2) = |5 

^’i,«,r(3,4) = |5 

Fi,„,^(5,0) - |5 

Fi,„,/5,2) = |5 
Fl,n,y{l,0) = \S 

F2,n,y{h2) = \S 

F2,n,y{lA) = \S 
F2,n,yO^A) = \S 
F2,n,yOA) = \S 
F2,n,yOA) = \S 

F2,nA^A) = \S 

F2,n,yA,2) = \S 
F2,nA^A) = \S 

F2,n,yAA) = \S 

F2,n,yAA) = \S 
F2,n,yAA) = \S 

F2,n,yOA) = \S 

Fxn,yOA) = \S 

F3,„,/5,0) - |5 

F3,«,r(5,2) = |5 

FxnA^A) = \s 


n-\\ 


n—l] 


n-l\ 


n—l] 


n-l\ 


n—l] 


n-l] 


n-l] 


n-l] 


n-l] 


n—l] 


n-l] 


n-l I 


n-l I 


n-l I 


n-l I 


n-l| 


n-l| 


n-l I 


n-l| 


n-l I 


n-l| 


8(«-3)(l-y2) 


A 1 B 2 , 


An — 4)(n — 2y — 4){n - 2y + 4) 

8(« - 3)« (1 - y2) (5(« - 3){n - 5) + (1 - 2y)(l + 2y)) 


15(?i - 4)(?i - 6){n — 2y — 4)(?i - 2y + 4)(?i - 2y - 6)(?i + 2y - 6) 


A 1 B 2 , 


8(n-3)n(n+2)(l-y^)(35(n-3)(n-5)^(n-7)+Ri,„.y(3,4)) 


\05{n-4){n—6)(n—S)(n—2'y-4){n-2y+4){n-2y—6){n+2y—6){n—2y—S){n+2'y—S) 

128(«-5)(«-3)(4 


A 1 B 2 , 


v)(i 




15(?i - 4)(?i - 6){n — 2y — 4){n + 2y — 4){n — 2y — 6){n + 2y - 6) 

128(n-5)(n-3)n(4-y^)(l-y^)(7(n-3)(n-7)+(l-2y)(l+2y)) 


A 1 B 2 , 


[05{n~-4){n—6)(n—S){n—2y-4){n-2y+4){n-2y—6)(n+2y—6){n—2y—S)(n+2y—S) 

_1024(n-7)(n-5)(n-3)(9-y^)(4-y^)( 1 -y-)_ 

35(/i-4)(/i— 6 )(«~ 8 )(tt- 2 y- 4 )(«- 2 'y+ 4 )(«- 2 'y- 6 )(w+ 27 - 6 )(«- 2 y- 8 )(n+ 2 y- 8 ) 

{n + 2) ^3(?i - 1)^ (1 “ 


A 1 B 2 , 

A 1 B 2 , 


A 1 B 2 , 


Uin - 1) 

{n + 2){n + 4) (l5(n-if {n-3f + /?2,n,y(l, 4)) 


60(?i - l){n — 4){n — 2y — 4)(n + 2y - 4) 

(n+2)(n+4)(n+6)(35(n-l)^(n-3)A'i-5)^+fi2.„,y(l,6)) 

l40(n-\)(n-4){n-6){n-2y-4){n+2y-4){n-2y-6){n+2y-6) 


A 1 B 2 , 


A 1 B 2 , 


2{n + 2){n + 4) (l - y^) (35(?i - l)(?i - 3f{n - 5) + /?2,n,y(3, 4)) 


105(?i - 4){n — 6)(n — 2y — 4){n + 2y — 4){n — 2y — 6)(?i + 2y - 6) 

2(n+2)(n+4)(n+6)(l-y^)(l05(n-l)(n-3)Aw-5)A»-7)+«2.„.r(3,6)) 1 

315(n-4)(n-6)(n-8)(n-2y-4)(n+2y-4)(n-2y-6)(n+2y-6)(n-2y-8)(n+2y-8) ^ 

32(?i-3)(4-y2)(l -y2) 


A 1 B 2 , 


I5{n — 4)(n — 2y — 4){n + 2y - 4) 


A 1 B 2 , 


32(n-3)(n+2)(4-y^)(l-y^)(7(n-l)(n-5)+(l-2y)(l+2y)) 

W5(n-4)(n-6)(n~2y-4)(n+2y-4)(n-2y-6)(n+2y-6) 


A 1 B 2 , 


32(n-3)(n+2)(n+4)(4-y^)(l-y^)(21(n-l)(n-3)(n-5)(n-7)+«2.„,y(5.4)) 
315(H-4)(rt—6)(rt—8)(rt—2y-4)(rt+2y-4)(«-2y—6)(H+2y—6)(rt—2y—8)(rt+2y—8) 

256(?i - 5)(n -3)^9- y^) ^4 - y^^ - y^^ 


A 1 B 2 , 


256(n-5)(n-3)(n+2)(9-y^)(4-y^)(l-y^)(9(n-l)(n-7)+(l-2y)(l+2y)) 

315(n-4)(n-6)(n-8)(n-2y-4)(n+2y-4)(n-2y-6)(n+2y-6)(n-2y-8)(n+2y-8) 


35{n — 4){n — 6){n — 2y — 4)(n + 2y — 4){n — 2y — 6){n + 2y - 6) 

^,AiB2, 

_ 8192(n-7)(n-5)(n-3)(l6-y^)(9-y^)(4-y^)(l-y^) _ 1 

315(n-4)(n-6)(n-8)(n-2y-4)(n+2y-4)(n-2y-6)(n+2y-6)(n-2y-8)(n+2y-8) ^ 

2(n + 2)(2 - y)(l - y) (35(n - l)(n - 3f{n - 4){n - 5) - /?3,n,y(3,4)) 


A 1 B 2 , 


105(« - 4){n — 6){n — 2y — 4){n + 2y — 4){n — 2y — 6){n + 2y - 6) 

2(n+2)(n+4)(2-y)(l-y)(l05(n-l)(n-3)^(n-5)An-6)(n-7)-.R3.„,y(3,6)) 1 

315(n-4)(n-6)(n-8)(n-2y-4)(n+2y-4)(n-2y-6)(n+2y-6)(n-2y-8)(n+2y-8) ^ 

32{n - 3)(3 - y)(2 - y) (l - y^) 


A 1 B 2 , 


15(« - 4)(?i — 2y — 4){n + 2y - 4) 


A 1 B 2 , 


32(n-3)(3-y)(2-y)(l-y^)(7(n-l)(n-2)(n-5)-fi3,„.r(5.2)) 

i05(«-4)(«-6)(«-2y-4)(H+2y-4)(«-2y-6)(n+2y-6) 


A 1 B 2 , 


32(n-3)(n+2)(3-y)(2-y)(l-y^)(21(n-7)(n-5)(n-4)(n-3)(n-l)-«3.„,y(5.4)) 
315(H-4)(rt—6)(rt~8)(rt—2y-4)(rt+2y-4)(«-2y—6)(«+2y—6)(rt—2y—8)(«+2y—8) 


A 1 B 2 , 




































































A 1^2, 


Fxn,y(l,0) = | 5"-1 
F3,„,/7,2) = |5"-i 

Fxn,y{9,0) = | 5”-1 


256(n - 5){n - 3)(4 - 7)(3 - r) (4 - y^) (l - y^) 

A1B2, 

A 1 B 2 


35{n - 4)(n - 6){n - 2y - 4){n + 2y - 4){n - 2y - 6){n + 2 

256(n-5)(n-3)(4-y)(3-y)(4-y^)(l-y^)(9(M-7)(n-2)(n-l)-R3,„.r(7.2)) 

3l5(n-4)(n—6)(n—%)(n—2y-4)(n+2y-4)(n-2y—6)(n+2y—6)(n—2y—S){n+2'y—S) 

8192(rt-7)(n-5)(n~3)(5-y)(4-y)(9-'y^)(4-y^)(l-y^) 

315(n-4)(rt-6)(«-8)(rt-2y-4)(rt+2y-4)(/i-2y-6)(«+2y-6)(rt-2y-8)(«+2y-8) 


for « > 2y + 8 where 

R\,n,y{3,4) = (1 - 4y^) [14«2 - 140« + 377 - 12y2], 

/?2,«,r(l,4) = (1 - 4y2) [lOn^ - 40« + 57 - 12y2], 

^2,«,r(l’ 6) - (1 - 4y2) [35?i'* - 420?i^ + I939r? - 4014n + 3645 

+807^* - 4y2 {2\r? - \26n + 275)], 

R2,n,y{3,4) = (1 - 4y^) [Ur? - %4n + 153 - 12/], 

R2,n,yO,6) - (1 - 4/) [9{ln^ - \\2n^ + 6%5r? - 1896?i + 2105) 

+807"^ - 47^ (21 r? - 216« + 575)], 

R 2 ,n,y{S, 4) = (1 - 472) [6^2 - 4U + 99 - 472], 

R2,n,yO,4) = (1 - 27 ) [42/i 2 - 532?i2 + 2103/1 - 2844 + 2472(11 + 4) 

-8472(11 - 4) - \4y{2r? - \2r?' + \5n + 36)], 

R2,n,yO, 6) = (1 - 27) [9 (21ii2 - 518ii‘^ + 4931ii 2 - 22922ii2 + 52567ii - 48810) - \60y^{n + 6) 

+ 807^^(1111 - 42) + 872 (27ii 2 - 162ii2 - 97ii + 2550) 

- 72 (756ii2 - 10584ii 2 + 50308ii - 82200) 

-187(7112 - + 861ii 2 - 2534ii2 + 2153ii + 2730)], 

R3,n,yi5, 2) = (1 - 27) [(3ii - 22) - 27(11 + 2)], 

R3,n,y{5,4) = (1 - 27) [3 (6ii 2 - 104ii2 + 543ii - 892) + 872(11 + 4) 

-472 (3ii 2 + 7ii - 44) + 27 (48ii2 - 83ii - 116)], 

R3,n,ya, 2) = (1 - 27) [3(11 - 10) - 27(11 + 2)] . 
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